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The neural-network drawings presented in Sections 3.1 and 3.2 are adopted from Izaak
Neutelings [38].

Any comments, suggestions, errata, etc. are very welcome. Please send them by email to
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Chapter 1

Introduction

Al-based systems, particularly neural networks, are playing an important role in our daily
lives. Neural networks are used for image and speech recognition, in autonomous cars,
medical diagnostics, anomaly detection, financial and weather forecasting, etc. As they
are increasingly used in safety-critical applications (e.g., in autonomous cars or medical
diagnostics), there are of course high safety requirements for Al-based components. How-
ever, neural networks are black-box models with a rather intransparent structure where
small changes can have significant effects. Another reason to ask: Can we give formal
guarantees for a given neural network? Or, in other work, can we verify a neural network?

Formal methods are well-suited to provide answers here. They include techniques that
first mathematically model systems and requirements specifications and then algorith-
mically determine the compatibility of system and specification. Formal methods are
often associated with verifying systems written in some programming language. Now,
neural networks are not a program in this sense (they are written or trained by a ma-
chine). However, like ”programs,” they follow a precise sequence of instructions and are,
in principle, amenable to formal verification.

While the specification of programs is often natural (think of terms like termination or
deadlock freedom), it may appear unclear what correctness means for neural networks.
For example, when is an image classifier that is supposed to classify animals correct?
Probably, when it recognizes a dog as such, a cat as a cat, and so on. But to apply
formal methods, we must formalize correctness in a precise mathematical sense. Now,
to write down when a picture represents a dog and when a cat, is naturally incredibly
challenging. And if we could, we probably would not need a neural network anymore.
But there are many other desirable properties that we can formalize. For example, when
an image classifier is robust, that is, when small changes in a given image do not entirely
change the classification. Or when a neural network is fair, that is, when it does not take
sensitive features into account in order to assign credits or jobs.

Neural networks often serve as building blocks of larger systems and may act as a con-
troler, i.e., choose an action to be performed in a given state. We are then in the setting
of reactive systems. Verifying them is particularly challenging, as specifications usually
combine temporal properties with arithmetic expressions such a “whenever a system vari-
able x reaches a critical threshold ~, i.e., x > =, then there is a time point in the near
future when it falls back below the threshold, i.e., x < 7.
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CHAPTER 1. INTRODUCTION

Applying formal methods to neural networks is an exciting new field with many interesting
developments. We refer here to various survey papers and lecture notes [3,(10,31}54,/57]
that we recommend for further reading. We do not aim to provide optimal algorithms.
The goal of this lecture is to give a sense of what verification of a neural network means
and to explore its theoretical possibilities and limitations. However, one should remember
that scalability is an essential criterion for verification methods for neural networks, which
can have millions of parameters.



Chapter 2

Preliminaries

In this chapter, we recall some standard concepts from linear algebra and automata the-
ory. Linear algebra allows one to describe neural networks in a compact, elegant manner.
We will use automata-based techniques (among others) to address their verification.

2.1 Sets, Functions, Vectors, Matrices

Sets and Functions. By N ={0,1,2,...}, we denote the set of natural numbers, and
by Ny = {1,2,...,} the set of positive natural numbers. The set of real numbers is
denoted R, and the set of rational numbers by Q. As part of an input to a decision
problem or of an object like a matrix, we implicitly assume that a rational number is
effectively given in terms of binary encodings of its numerator and denominator. For
r,y € Rywelet [z,y] ={z€R |z <z<y}, (z,y ={z € R| z <z <y}, and so forth.

For functions f : A — B and g : B — C, we denote by go f : A — C the composition of
f and g, defined by (g o f)(a) = g(f(a)) for all a € A. Moreover, given A’ C A, we let
f!A, : A" = B denote the restriction of f to the domain A’.

For a finite set A, the number of elements in A is denoted by |A|.

Vectors and Matrices. Let m,n € N,. For a vector x € R" and i € {1,...,n}, we
let ; refer to the i-th component of x, i.e., X = (z1,...,2,)". If n = 1, we may simply
write  for x. Similarly, y = (y1,...,ya) ", X' = (2},...,2%)7, and so on. Moreover, for

a matrix A € R™™ e {1,...,n}, and j € {1,...,m}, we let q; ; refer to the element
of A in the i-th row and j-th column, i.e.,

11 Ar2 ... Qinp
A Q21 QA22 ... Q2p c Ran
p1 Ap2 ... Qpm

Similarly, A’ = (agyj)m, and so forth.

For f = (f1,..., fm) with f1,..., fr, : R — R and x € R™, we define

fX) = (filz1),..., fm(zm)) " €R™.
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The wertical concatenation of matrices A € R™ " and B € R*" is defined by A {
B = C € R™ > where ¢;; = a;; for all i € {1,...,m} and j € {1,...,n}, and
cij="bjforallie {m+1,... m+k}and je€ {1,...,n}. The horizontal concatenation
of A € R™™ and B € R™** is defined accordingly by A m B = C € R™* (k) where
¢j=ua;;forallie {l,... m}andje {1,...,n},and¢;; = b;; foralli € {1,...,m} and
Jj € {n+1,...,n+k}. The special case of vectors is defined analogously. In particular, the
vertical concatenation of x € R™ andy € R" isxHy = (21, ..., Zm, Y1, -, Yn) € R™

For a given m € N, (which we suppose to be clear from the context), we let

R™ — 2{1,...,m}
argmax : _
x—{ie{l,...,m}|z; =max(x)}.

For m € Ny, the set of permutations 7 : {1,...,m} — {1,...,m} is denoted S,,. We
extend 7 to 7 : R™ — R™ letting 7(X) = (Zr(1); - - - Tr(m))-

Below we define two properties that play an important rule in the realm of neural net-
works:

Definition 2.1: Permutation Equivariance and Invariance

Let m € N, and A be a set.

— A function f : R™ — A is called permutation invariant if, for all x € R™ and

T € Sp, we have f(x) = f(n(x)).

— A function f : R™ — R™ is called permutation equivariant if, for all x € R™
and m € S,,, we have f(n(x)) = 7(f(x)).

2.2 Languages and Bichi Automata

Automata are a useful tool in verification and for deciding arithmetic theories such as
Presburger arithmetic and linear real arithmetic [20]. In this course, we will need to
decide linear real arithmetic and, to do so, rely on Biichi automata, which are devices
that run over infinite words (or strings). Later on, these infinite words will represent real
numbers.

An alphabet is a nonempty set (possibly infinite). Let X be an alphabet. A finite word
over Y of length n € N is a finite sequence w = u;y ... u, with uy,...,u, € X. We denote
the length n of w by |w|. If n =0, then w is the empty word, denoted by €. An infinite
word over ¥ is a countably infinite sequence w = ujusus ... with uy, us, ... € 3. The set
of finite words over ¥ is denoted by ¥*, the set of nonempty finite words over ¥ by X+
(i.e., X7 =3*\ {e}), and the set of infinite words by £“.

We will often deal with mappings of the form § : @ x X — @ where @ is a (possibly
infinite) set. This mapping can be inductively extended to 5 Q X X" — @ letting
5((],6) = q and, for w € ¥* and u € X, S(Q,w ‘) = 5(5(q,w),u). Abusing notation, we
usually still write ¢ instead of 5.

In the remainder of this section, we consider finite alphabets.
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CHAPTER 2. PRELIMINARIES

Definition 2.2: Biuichi Automaton

Let ¥ be a finite alphabet. A Biichi automaton over 3 is a tuple A = (Q, A, ¢, F)
where

— () is a finite set of states,

- A CQ x X xQ is the set of transitions

L € @ is the initial state, and

F C @ is the set of final states.

Biichi automaton A recognizes a language L(A) C ¢ as follows. A run of A is an
infinite sequence p = qouiqruzgs ... € Q(XQ)“ such that gy = ¢ and, for all i € N,
(Gi—1,u;,q;) € A. The label of p is defined as label(p) = ujugug ... € 3. Run p is called
accepting if it sees some final state infinitely often, i.e., the set {i € N | ¢; € F'} is infinite.
Finally, the language recognized by A is defined by

L(A) = {label(p) | p is an accepting run of A} C ¥*.

Example 2.1:

The figure below depicts a Biichi automaton A = (Q,A,, F') over the alphabet
Y ={0,1}. We have Q = {qv,¢1}, ¢ = qo, and F = {¢;}. The set of transitions A
includes (go, 0, qo), (g0, 1,q1), etc. The language L(.A) is the set of words from ¢
in which letter 1 occurs infinitely often.

Biichi automata enjoy several useful closure and decidability properties:

Theorem 2.1: Closure Properties of Biichi Automata

Let ¥ be a finite alphabet and let A, A;, A> be Biichi automata over X. We can
effectively construct a Biichi automaton

(a) A; U Ay over X such that L(A; U Ay) = L(A;) U L(A);
(b) A; N Ay over X such that L(A; N As) = L(A;) N L(Ay);
(c) A over ¥ such that L(A) = X%\ L(A).

Theorem 2.2: Biichi Automata Emptiness

The following problem is decidable:
Input: A finite alphabet ¥ and a Biichi automaton over .
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Question: Is L(A) nonempty?

The complexity is linear in the number of states and transitions.

For more background on languages and automata, we refer the reader to [52].



Chapter 3

Feed-Forward Neural Networks

In this chapter, we define feed-forward neural networks and their verification problem.
We also present a specification language for neural networks. It is based on linear real
arithmetic, which encompasses, as we will see, many pertinent properties of neural net-
works.

3.1 Definition of Neural Networks

A neural network is a stack of layers. Every layer transforms an input vector into an
output vector. The more layers we have, the deeper is the network. Technically, deep
learning starts when there are at least two layers. A layer and its computation are
depicted in Figure It consists of n input nodes and m output nodes, and it maps an
input vector x = (x1,...,7,)" € R™ to an output vector y = (y1,...,%,)' € R". Here,
intermediate values z; are computed as a linear combination b; + > i T Thus, the
transformation induced by a layer can be written in terms of matrix multiplications.

+b1
Q.
171\

a0~ ,
% 21 a1 Q12 ... A1, Z by
29 Q21 Q22 ... G2, To n bo
Zn an,l an,Z o an,m Tm bn
Z3
z=A-x+Db
y = f(z)

Figure 3.1: A neural network layer with activation function f : R" — R"
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CHAPTER 3. FEED-FORWARD NEURAL NETWORKS

hidden layers

Figure 3.2: Structure of a neural network with 4 layers (+ 1 input layer)

Definition 3.1: Layer

Let m,n € N,. A feed-forward layer with input dimension m and output dimension
n is a triple £ = (A, b, f) where A € Q™™ is the weight matriz, b € Q" is the
bias vector, and f : R™ — R" is the activation function.

We let in(£) = m denote the input dimension of .Z. Moreover, out(£) = n is the output
dimension, which is usually referred to as the number of neurons of .. In other words,
the weights of the i-th layer are given by the i-th row of A. We also let dim (%) = (m,n)
(note the difference from the dimension of the matrix A. Layer £ defines the function

[[Z]] Rm(f) - Rout(ﬁ)

|x— f(A-x+Db).
Let us turn to neural networks. A (feed-forward) neural network is a sequence of feed-
forward layers such that neighboring layers have compatible input/output dimensions.
The idea is that the output of one layer is the input to the next layer. Thus, the function
defined by a neural network is the composition of the functions defined by its layers.
The neural network illustrated in Figure consists of 4 layers (we omit weights and
activation functions).

Definition 3.2: Feed-forward Neural Network

A feed-forward neural network is a sequence N' = (LW ... £W) of layers £*) =
(A® bk £*)) such that out(L®) = in(LEH) for all k € {1,...,¢—1}.

As, in this, chapter, we only talk about feed-forward neural networks (rather than recur-
rent neural networks or graph neural networks), we just say neural networt.

Note that, in the literature, the number of layers usually considers the collection of

input values as a separate layer, This indeed makes sense when looking at the graph
representation of a neural network (cf. Example [3.1). Thus, while N = (£W, ..., 2¥)
has ¢ layers, the “graph representation” exhibits ¢ + 1 layers.

11
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Similarly to a layer, in(N) = in(ZM) is the input dimension, and out(N') = out(LY)
the output dimension of A/. In addition, we let dim(N') = (in(N), out(N')). The neural
network computes [N] : R™V) — Ro“WN) defined as the function composition

INT = [[‘,2”(5)]] o...0 [[3(1)]].

We will switch between a graph representation and matrix view at discretion. Moreover,
we will consider R™ and R™ as sets of vectors or sets of tuples whatever is more con-
venient. In particular, we may simply write [N](z1,...,2n) = (Y1,...,ys) instead of

[[/\/]]((951, . >$m)T) = ((y1,- - 7yn)T)-

Two neural networks A; = (Zl(l), . ,.,2”1(21)) and Ny = (.,2”2(1), . ,.,%(62)) such that
out(N7) = in(N3) can be concatenated, and we let

Nl ' N2 = (31(1)7 s 731(&)”%2(1)7 ce 732(&)) '
Note that dim(N; - Na) = (in(N7), out(N3)).

Activation Functions. There are different types of activation functions used in prac-
tice. They usually depend on the concrete task at hand (e.g., classification vs. regression)
and the type of the layer (internal vs. output layer), but also on training-related issues
such as the choice of the loss function (a precise discussion is, however, not in the scope
of this course). Often, a layer £ = (A,b, f) has a local activation function f in the
following sense: There is g : R — R such that, for all x € R™ and ¢ € {1,...,n}, we have
f(x) = (g(x1),...,9(x,))". The definitions and graphs of some common local activation
functions are given in Figure (the activation function NLReLU was recently studied
in [33]). Their extensions to R” — R™ are denoted in the same way (o, tanh, and ReLLU),
where we always assume that n is clear from the context. Another example of a local
activation function is the identity function, which we denote by id : R — R" (again
assuming that n is understood). An instance of a global activation function is

R™ — R"
softmax : ¢
X '_> (y17 ce 7yn) WheI‘e y’b = n—
Zj:l e

It “squeezes” or normalizes a vector so that it represents a probability distribution. It is,
therefore, frequently used in classification tasks.

Ty

An important class of neural network employs ReLU activation functions (or the identity
function, mostly in output layers):

Definition 3.3: Standard and ReLU Neural Network

A neural network N = (£W, ..., 2Y) with layers Z® = (A® b®) f#) is
called a ReLU neural network if, for all k € {1,..., ¢}, we have f* € {id, ReLU}.

Classification vs. Regression. As far as feed-forward neural networks are concerned,
two predominant classes of tasks are classification and regression. In a regression problem,
the goal is to predict a continuous, numerical value or quantity. In other words, one is

12
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3 x ReLU(x) = max(0, z)

— RelU 9(x)

NLReLU

—— sigmoid (o) 2 1

—— tanh NLReLU(z) = In(1 + ReLU(z))
1 1

(@) = —
= 1 + P / .
3 -2 -1 1 2 3
tanh(z) = % 1!
et +e*

Figure 3.3: (Local) activation functions given by g : R — R

trying to find a relationship between input features and the output, which is a real-valued
number. Corresponding tasks can be price prediction, weather forecast, or estimating
health indicators. In a classification problem, objects are assigned a category or label
among m labels. In that case, frequently, the last layer has output dimension n and uses
a softmax activation function, which works well with the categorical cross-entropy loss
function during training. When A acts as a classifier with [N] : R™ — R", element
x € R™ is assigned category min(argmax([N](x))) € {1,...,n}. In the case of binary
classification (i.e., in presence of two classes to choose from), it is also common to have
n = 1 and o as activation function in the last layer, and to choose one class or the other
depending on whether [N](x) € [0, 1] exceeds a given threshold v € [0,1]. In the case of
binary classification, possible applications are object detection, fraud detection, medical
diagnostics, etc.

Example 3.1: Neural Networks

Below are two simple neural networks:

(a) (b)
(1)
@ _1 ’\ 1 / 0.20 0.24
Xio—w X o
O @

1.0 0.97

v T

(a) We have N/ = (£, Z@) where Z* = (AR bk &) Function fO) is
the ReLU activation function and f® is the identity. Moreover, we have

13
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b = (0,0,0)7, b® = (0),

1 -1
AV =(0 1]eR*? andA®=(1 1 —1) e R™.
0 -1

Note that A computes the maximum function, i.e., [N](z1,z2) =
max(zy, Ts) = max(z; — Ty,0) + x5 for all (xq,25) € R

(b) This neural network has the same structure and activation functions as in
(a), but different weights: We have b(!) = (0,0,0)", b® = (0.07),

0.33 0.2
A = | 0.1 1.13 ] € R%*? and A® = (0.24 0.84 0.97) € R™3.
1.03 —1.03

It is, however, less clear what N computes. For example, we have
[NT(3,2) = 3.049, [N](4,9) = 9.026, and [NT](4,93) = 92.79.

The first neural network is taken from [21], where the authors study the question
how many layers are needed to compute certain functions in a ReLLU neural network

Convolutional Neural Networks. Note that the neural networks that we defined
above are fully connected: every neuron is connected to all neurons in the previous layer.
In particular, all the weights/parameters in a weight matrix are, in principle, trainable
and can be adjusted by the learning algorithm. There are other types of neural networks,
such as convolutional neural networks (CNNs), that relax this condition. A CNN is
illustrated in Figure [3.4] Certain neurons in CNNs share weights and they are sparse
in the sense that some of the connections to preceding neurons are missing. A CNN
can be captured in terms of our definition by setting the corresponding weights to 0.
However, one should have in mind that, when considering training algorithms, one has
to make a distinction between trainable parameters and those that cannot be modified.
When defining neural networks as graphs, this is simple, as one would just omit the
corresponding edges.

3.2 A Specification Language for Neural Networks

In this section, we will discuss what it means for a neural network to be correct. Here,
we mean correctness in a strict mathematical sense. This, in turn, requires a formal
specification to be given. Below are some examples of specifications. After discussing
them, we will see a formal specification language that encompasses all of them.

a) [N]:R™ — R computes the maximum function.

(a)
(b) [N]:R™ — R™ implements a sorting algorithm.
) [N]:R™ — R" is permutation invariant.

)

(d) [N]:R™ — R™ is permutation equivariant.

14
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fully-connected
hidden layers

convolutional

output

Figure 3.4: A convolutional neural network (CNN)

(e) [N]:R™ — R" such that, for given sets R C R™ and K C {1,...,m}, the following
holds: for all x,x’ € R satisfying x; = «/, for all i € K, we have argmax([N](x)) =
argmax([N](x)).

(f) [N] : R™ — R™ such that, for a given set R C R™ and e > 0, the following holds:
for all x € R and x" € R™ such that ||X, X||yanhattan < €» We have argmax([N](x)) =

argmax ([N (x'))[]

(g) [Mi], [Nz] : R™ — R™ such that, for a given set R C R™, the following holds: for
all x € R, we have argmax([NV;](x)) = argmax([N2](x)).

Exercise 3.1:

For all of the above properties, discuss whether they are typically relevant for
machine-learning tasks and provide corresponding examples. Can you come up
with other relevant specifications? Are there specifications that imply others?

Solution:

(a) Computing the maximum function is not a typical machine-learning task: it
does not require learning from data to discover unknown or hidden patterns
(though, in principle, the task can be addressed by learning a machine-
learning model).

(b) The same discussion as for (a) applies to the sorting problem.

(c) Here, we aggregate multiple inputs into one or several values. Suppose every
input value is the age of a particular person in a group of m people, and
that the neural networks makes a prediction on the number of votes that
a particular candidate may receive in the upcoming election. The predic-
tion should not depend on the order of the input values. In other words,
permuting the input values should result in the same output value.

'For x,y € R™, the Manhattan distance of x and x’ is defined as [|X, X' || yannattan = Doy |Ti — T}
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(d)

(f)

Similarly to the previous case, suppose that each input represents the prob-
ability of a medical staff member being infected, and the output determines,
for every medical staff member, whether they should be tested or quaran-
tined. Again, the decision per agent should not depend on the order of the
input values. That is, permuting the input values should result in the same
output values permuted.

Suppose the neural network takes features of a person as input, such as age,
gender, salary, etc., and the neural network’s task is to decide whether a
loan is granted. This decision should be independent of sensitive features
like gender or ethnicity. Such a property is referred to as a fairness property.
The property thus considers that the features in {1,...,m}\ K are sensitive.

We can think of N as an image classifier. If R represents a set of images,
e.g., the set the classifier was trained on, we would like N to be robust in
the sense that small perturbations on the input images do not change the
predictions. This would be particularly important when N is used in an
autonomous car to detect traffic signs.

The formula states that neural networks A; and N, are equivalent on an
input set R. That is, for every input in R, they yield the same index/class
from {1,...,n}. Suppose that N5 is much smaller than N;. If the prop-
erty is satisfied, we could safely replace A; with the more efficient neural
network N.

Exercise 3.2:

Let n = 3. For each of the specifications (a) and (b), provide a neural network
satisfying it.

Exercise 3.3:

Consider the neural networks from Example 3.1 and the properties (a)—(f) above.

For every combination of a neural network N and a property ¢, verify whether ¢ is
a suitable specification for A/ (syntactically) and, if so, whether N satisfies ¢. Can
the two neural networks from the example be considered equivalent? And what
would a corresponding specification look like?

The formal specification language for neural networks will be based on linear real arith-
metic, a decidable logic that allows one to combine logical connectives with linear expres-
sions. It is defined over an infinite countable set of variables X = {x,y, x1,x2,...} that
range over the real numbers ]

2Note that we use z etc. to denote both real numbers and variables. Variables will be interpreted as
real numbers so that denoting them in the same way makes sense. However, it is important to keep in
mind that variables and real numbers are different objects.
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Definition 3.4: Linear Real Arithmetic

Formulas from LRA (linear real arithmetic) are given by the following grammar:

terms t u= a-x | b | t+t
formulas ¢ = t<t | = | Ve | Jr.p

where z € X and a,b € Q.

An occurrence of a variable is free in an LRA formula ¢ if it is not in the scope of a
quantifier 3/V. A variable is called free in ¢ if it has some free occurrence in . Given
a tuple of variables x = (z1,...,z,), we may write p(x) or ¢(z1,...,x,) for a formula
¢ whose free variables are among 1, ..., x, (though not all of them need to have a free
occurrence). A sentence is a formula without free variables.

We define some common abbreviations such as x for 1-x, t; =ty for t; < to ANty < ty,
t1 < tg for ty <to A(ty =ta), p A for =(mp V=) ¢ = o for ~p Vi, p < 1 for
(p = VYN = ¢), Va.p for =Fz.—p, etc. We will also write 3y, ..., z,.¢ instead of
Jx1.3xs. ... dx,.0 and so forth.

Moreover, for (tuples of) variables =z, y = (y1,...,%s), ¥ = (¥},-..,v,), and a set
K C{1,...,m}, we define the following abbreviations:

TEYy = \/x:yl-

r=max(y) = z€y A /\yigx
i=1

Nvi=max(y) A N\ =y = max(y))

€K ie{l,..mN\K

argmax(y) = K

Il
)
=
a3
=
I
ay
=
I
=
>
O
=
ogs!
=
IS
Fal
{<\
Il
3

argmax(y) = argmax(y’)

The latter definition takes into account that argmax returns the set of indices carrying
the maximal value in a tuple/vector.

Example 3.2:
Consider the formulas

or(zy) =<y = Tz (r<z A 2<y)

pa(ry) =<y = (<05-24+05-y) A (05-24+05-y<y))

Both, ¢; and @9 have free variables x and y. The formulas Vz.Vy.p;(z,y) and
Va.Vy.po(x,y) are sentences, as they do not have any free variables.

The semantics of LRA formulas is defined inductively. To evaluate formulas with free
variables, such as ¢(x,y) = (z < 0.2 -y), we need to assign values to x and y. This is
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done by an interpretation function I : X — R. The above formula ¢ is evaluated to true
iff I(z) < 0.2-1(y). Towards the semantics, we will first assign to each term t a real
number /(t) € R inductively as follows:

—I(a-x)=a-I(x)
— I(b) =0
— I(ty +to) = I(t1) + I(t2)
Now, models of formulas ¢ are interpretation functions:
— It <ty if I(ty) < I(ts)
—IE-pif I
CTEevuitlEpor I =
— [ |= 3z.¢ if there is r € R such that I[x — 7] = ¢

Here, I[x +— 7| is the interpretation function that coincides with I on all variables apart
from x, while x is mapped to 7.

We say that formula ¢ is satisfiable if there is an interpretation function [ such that
I = ¢. Note that, to evaluate a formula (a term), it is enough to know the interpretation
of the free variables (variables, respectively) that occur in it. Therefore, given a formula
o(x1,...,x,) and 71, ...,1, € R, we write = @(rq,...,r,) if I E p(xq,...,2,) for some
interpretation I such that maps I(z;) = r; for all i € {1,...,n}. In the particular case
where ¢ is a sentence, satisfiability is independent of an interpretation function. That is,
we either have one of the following:

— I = ¢ for all interpretation functions /
— [ [~ ¢ for all interpretation functions /

In the former case, we write |= ¢, and we say that ¢ is true. In the latter case, ¢ is false.

Example 3.3:

We continue Example 3.2 The sentences Vz.Vy.p1(z,y) and Vz.Vy.pa(z,y) are
both true. On the other hand, Vz.Vy.3z.(xr < 2z A z < y) is false.

Definition 3.5: Satisfiability Problem

For a class of formulas F, the decision problem SAT(F) is defined as follows:
Input: A formula ¢ € F.

Question: s ¢ satisfiable?

Note that free variables in the given formula ¢ are implicitly interpreted as existential
variables, as the question is whether there is a suitable interpretation function. Moreover,
if © is a sentence, then the problem amounts to asking if ¢ is true.

18
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The definition of SAT(F) applies to all classes of formulas F that we consider in this
lecture, as they will all be based on interpretation functions of the form 7 : X — R.

Theorem 3.1:
The problem SAT(LRA) is decidable.

Before we prove this theorem, we give our specification language for neural networks.
It is basically LRA, but with an additional predicate that allows us to talk about the
input-output relation induced by a neural network.

Definition 3.6: Neural Network Logic

Formulas from NNL (neural network logic) are given by the following grammar:

t u= a-x | b| t+t
p u= t<t | o | oV | Fme | N1, ., 2m) = Y15+, Yn)

where N is a neural network with input dimension m € N, and output dimension
neNy z, ..., Tm,Y1,...,Yp € X, and a,b € Q.

Note that, in the formula N (z1,...,2,) = (y1,...,Yys), the variables z1,...,x,, and
Y1, - - -, Yn are free. As NNL is an extension of LRA, it only remains to define the semantics

of N(z1, ..., xm) = (Y1, -, Yn):

ITEN@,...;xn) = (W, yn) i INJ(T(z1), .. I(zm)) = (T(y1), -+, I(yn))

Accordingly, given an NNL sentence ¢, we write = ¢ (and say that ¢ is true) if I = ¢
for some/all I. Given an NNL formula ¢ containing the neural networks N7, ..., Ny, we
may write @[\, ..., N instead of just ¢ to highlight that ¢ talks about N, ..., N[

For a set of NNL formulas F and a set of activation functions 2, we denote by F[2(] the
set of formulas ¢ € F such that every neural network occurring in ¢ uses only activation
functions from {id} U 2. To simplify notation further, we may just write a list of functions
instead of a set. For example, NNL[ReLU] is the set of NNL formulas whose neural
networks use the identity function or ReLU in their layers. Similarly NNL[ReLU, o, tanh]
allows for activation functions from {id} U {ReLU, o,tanh}, while NNL[()] admits only
the identity function.

Now, let us define some concrete NNL specifications:

Exercise 3.4:

Let N be a neural network with in(N') = out(N) = 2. Write NNL sentences ¢;[N]
and 5[N] such that the following hold:

— [NV] is surjective iff = ¢ [N]

3We could have defined NNL formulas using “neural network variables” so that models interpret these
variables as neural networks, but this would cause some notational overhead.
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— [NV is injective iff = @o[NV]

Solution:
- ¢1[N] = Vy1,y2-3$1,$2~-/\/($1,$2) = (yl,yz)
N(ajlaxQ) - (ylay2) A N(xllaxé) = <y17y2)

_ A,
o 902['/\/’] - v‘7‘117'1U27'T17:L127y17y2- =
Ty =) N 9 =1

Exercise 3.5:

Write an NNL sentence for the XOR function: A given neural network N should
compute a function R? — R that, for every input (z,z5) € {0,1}2, outputs the
truth value z; @ 2.

Exercise 3.6:

Write NNL sentences for the properties (a)—(g) given at the beginning of Section [3.2}
For each property P among (a)—(f), define an NNL sentence ¢[A] such that = ¢[N]
iff N satisfies P. For property (g), write an NNL sentence ¢[N7, N3] such that
= o[V, N2 iff N1, N satisty (g).

Solution:

For a (definable) set R C R™, let pgr(x1,...,2m) be an LRA formula such that, for
all 7,...,7m € R, we have (r1,...,7,) € Riff E or(ry,...,7mm).

(@) VZi,..., Tm,y. N (21, ..., Zm) =y = y=max(x1,...,Ty))

N(xy, ... oxm) = Y1y Ym)
=

/\ Yi < Y5 A \/ /\%’:yﬂ(i)

1<i<j<m TESyy, i=1

(b) YZ1,.. ., Ty Y1, - Ym-

(¢) Yai,...,xm.3y1, .-, Yn. /\ N(Zza), - Trm)) = (Y1, -+, Un)

7T€Sm
N(zla"'axm) = (yla--'7ym)
=
(d) vxlﬂ"'axm7y17"'aym-
/\ N(mﬂ'(l)a © 00 7x7r(m)) = (yTr(l)a 500 7y7r(m))
7T€Sm
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N)=y ANX) =y A ¢pr(x) A pr(X) A /\a:Z::B;

(e) VX, Xy, " N -
argmax(y) = argmax(y’)
Nx)=y AN NX) =y A pr(x)
m T, <%, = z=1x,— %
AN
AN T;<T = 5=1;— 1
(f) Vx,x",y,y', 2. -
A\ Zl+...+2m<€
=
argmax(y) = argmax(y’)
M) =y AN No(x)=y A ¢r(x)
(8) ¥x,y,¥" =
argmax(y) = argmax(y’)
An NNL formula @[V, ..., N is considered to represent a neural network specification.

Verifying N, ..., N, amounts to deciding whether p[N, ..., N;] is satisfiable. We will
assume that NV, ..., N} are all ReLU neural networks, i.e., ¢ € NNL[ReLU]. To establish
decidability of verification, due to Theorem [3.1], it is then enough to show that ¢ can be
translated into an equivalent LRA sentence.

Definition 3.7:

Let F; and F; be classes of formulas (whose semantics depends on interpretation
functions I : X — R). We write F; < F» if there is an algorithm that translates
every p(z1,...,x,) € Fy into @(zy,...,x,) € Fy such that, for all interpretation
functions I, we have [ = iff I = ¢.

If the translation can be done in polynomial time, then we write F; <oy Fo.

Proposition 3.1:
We have NNL[ReLU] <,y LRA.

Proof. We only need to consider formulas involving neural networks. To do so, we trans-
late every neural network N, say with input dimension m and output dimension n, into
an LRA formula oar(z1, ..., Zm, Y1, ..., Yn) such that

for all r,...,7m,81,...,8, € R, we have

INT(r1,s o) = (81505 80) E E oa(r1, oy Ty S15 -5 Sn) (3:-1)

We proceed by induction and first suppose that N' = (.£) has one layer .£ = (A, b, f).
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If f=id, we set

@N(xl7"'>xm7yla"'7yn) == /\yZZbZ—l-Zawxj
i=1 j=1

If f=ReLU, we set

m
Z:bi—i‘ E CLi’j';Ej
j=1

(z<0 A y; =0)
VAN
V (z2>0 A y; =2)
Then, statement (3.1)) holds by the very definitions.

Now assume N = (Z1), ... 2O 2D with £ > 1. Let Ny = (ZW, ..., Z®) and
Ny = (L% and assume we already have formulas ou; (1, ..., %m, 21, ..., 2) and
ONy (215 - o5 2k, YLy - -+, Yn) as Tequired, where k = out(N7) = in(N2). Then, we set

¢N($1,...,xm7yl7"‘7yn) = /\32
=1

SONl(xlu"‘7xmuzl)"'7zk) )

ON(T15 oy Ty Y1y e+ Yn) zﬂzl,...,zk.<
A oNy (Z1y oy 2l Yy e ey Yn)

Indeed, for all ry,...,7ry,s1,...,5, € R we have
INT(r, oo rmm) = (81, - -4 8n)
it ([N2] o [Mi]) (1, -y rm) = (81,5 -+, 8)
M (rey - yrm) = (P15 1)
and [N2](p1,...,pk) = (S1,--+, Sn) )
):@Nl(rl,...,rm,pl,...,pk))

and ): 90./\/2(1917 <oy Dk S15 - - '7571,)

ifft there are py,...,pr € R: (

iff  there are py,...,pr € R: (

iff = oan(r, oo Ty S1y- 25 Sn) -

Now, to translate a given NNL formula ¢ into the LRA formula ¢ as required, we re-
place, in ¢, every occurrence of an atomic subformula N (xy,...,2,) = (Y1,...,9n) by

ON(T1y oo Ty Y1y e ey Yn)- 0

Exercise 3.7:

For the NNL sentence ¢ for the maximum function, and the neural network A
from Example [3.1)(a), determine ¢ according to Proposition [3.1]

As a corollary from Proposition and Theorem (decidability of SAT(LRA)), we
obtain the following result:

Theorem 3.2:

The problem SAT(NNL[ReLU)) is decidable.

We still need to show Theorem [3.1] i.e., decidability of LRA, which deserves its own
section.
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3.3 Proof of Decidability of LRA

We use automata-theoretic techniques, which are versatile tools for deciding arithmetic
theories and can often be easily extended to cover even richer theories [20]. The automata-
theoretic approach to deciding arithmetic theories goes back to Biichi [11]. Given an LRA
formula ¢, the idea is to construct a Biichi automaton A, such that ¢ is satisfiable iff
the language of A, is nonempty.

In the description below, we adopt several constructions and some notation from the paper
[43], where Sélzer et al. provide translations of neural networks into Biichi automata.

Encoding Real Numbers as Words. The main idea is to encode a real number as a
word over the alphabet ¥ = {0,1,e,+, —}, and a k-tuple of real numbers as a word over
¥*. We call a word w € X% well-formed if it is of the form

W= SUp_1... Uy @V Uy ... € {4+, —}{0,1}"{e}{0,1}*

with n > 0, s € {+,—}, and uy_1,...,up,v1,us,... € {0,1}. Then, w encodes the real
number in decimal system

n—1 oo
. A 1
dGC(’lU) = (—1)”5]”(5) . ( E u; - 2Z + E (N 5)
i=0 i=1

where sign(+) = 0 and sign(—) = 1. Note that w determines a unique value dec(w).
On the other hand, given r € R, there may be several well-formed words w € »* such
that dec(w) = r. For example, we have dec(+0000...) = dec(—000000...) = 0 and
dec(+011001000...) = dec(+11000111...) = 6.5.

Let £k > 0. A word
Uy 1 Ui,2 U1,3
w= | : ; DL e (ZRy
Uk,1 Uk,2 Ug,3
may be seen as the k-tuple (uq w1 U1 3..., ... , Uk 1Ug2Ugs . ..) of words over 3. Thus,
a language L C (X*)¥ can, equivalently, be considered as a relation L C (X¢)* and the
latter is the view that we mostly adopt in the following.

Now, a tuple (w1, ..., w) € (X¥)“ of well-formed words encodes the tuple of real numbers
(dec(wy), ..., dec(wy,)) € R*. However, the algorithmic manipulations we perform on
automata to simulate arithmetic operations require that the comma e in the binary
representations be aligned. Therefore, we introduce the set of (k-ary) well-formed words,
denoted WF*. A word from (£¥)“ is well-formed if it is of the form

51 Ui n—1 U1,0 4 V1,1 V1,2

Sk Uk,n—1 Uk,0 L Vk,1 Vg2

such that s; € {+,—}, u;; € {0,1}, and v;; € {0,1} for all i and j. In particular, all e
are aligned in the same column. If £ = 0, we have a unique infinite word over a singleton
alphabet, which we define to be well-formed. Recall that we may consider WE* C (2¢)F.
For w € (X%)* we let w; refer to the i-th component of w, i.e., w = (w1, ..., wy).
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{0,1}* {0,1}

-0 {+-)* 8 o ®

Figure 3.5: The Biichi automaton A”,

Proposition 3.2:

For k > 0, we can effectively construct a Biichi automaton AX; over $* such that
L(AE,) = WF".

Proof. The automaton A¥, is given in Figure . It checks that each “row” is contained
in {4+, —}{0,1}*{e}{0,1}* and that the e-symbols are aligned in the same column. [J

We present two further useful automata constructions.

Proposition 3.3: Biichi Automata Projection

Let k> 1and i € {0,1,...,k}. Let A be a Biichi automaton over ¥*. We can
effectively construct a Biichi automaton proj;(.A) over ¥ such that

L(proj <;(A)) = {(wr, ..., w;) | (w1,...,wx) € L(A)}.

Proof. Let A = (Q,A,t,F) be a Biichi automaton over ¥*. The Biichi automaton
proj;(A) has the same structure (i.e., the same states, initial states, transitions, final
state_s). The only thing that changes are the transition labels, which instead of k£ symbols,
[uq,...,ug], only contain the first i symbols [ug,...,u;]. That is, we set proj_,(A) =
(Q, A1, F) with -

A =A{(p,[ug,...,ul,q) | (p,[us,... ,ux],q) € A}.

Note that, when ¢ = 0, proj.;(A) is a Biichi automaton over a single-letter alphabet.
The correctness proof is now straightforward. O]

Applying projection to well-formed words does not necessarily preserve closure under
removing leading zeros. Therefore, we will make use of another useful closure property.

Proposition 3.4:

Let k > 1 and let A be a Biichi automaton over ¥* such that L(A) C WF*. We
can construct a Biichi automaton cl(A) over ¥ such that L(cl(A)) is the least set
satisfying the following:

— L(A) C L(cl(A)) and

— for all words w € L(cl(A)) of the form w = (sq,...,5)(0,0,...,0)w’ (i.e.,
S1,...,8K € {+,—1}), we have (s1,...,s:)W € L(cl(A)).
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Exercise 3.8:

Prove Proposition [3.4]

From LRA to Biichi automata. We are now ready to describe how Biichi automata
can be used to decide whether a given LRA sentence is true. We start with some con-
structions for k-ary relations of real numbers that will serve as building blocks in the
translation. They are due to [43].

Proposition 3.5: Biichi Automata Constructions

Let k& > 1, 4,j,11,12 € {1,...,k}, and a,b € Q. We can effectively construct
automata .Ak .AZ<J, AF Y AF , and A” over ¥ such that

i=j i=add(i1i2)? “Vi=mult(a,j) i=const(b)
L(AL;) = {w € WF* | dec(w;) = dec(w;)}
L(Aie;) = {w € WF" | dec(w;) < dec(w;)}
L(AF add(inia) = 1W € WE* | dec(w;) = dec(w;,) + dec(w;,)}
L(A" ol mult(w)) ={w e WE* | dec(w;) = a - dec(w;)}
L(Af_const(sy) = {W € WF* | dec(w;) = b}

Proof. We start with equality and addition. The other automata will build on them. We
only consider constructions with pairwise distinct indices. The remaining cases follow
similar patterns.

Equality. The equality Biichi automaton A?_, is depicted in Figure . Note that
two binary representations of real numbers can still be equal when they have different
signs. The right-hand side of the automaton also takes care of real numbers that have a
suffix of the form 1. The general case A¥_ ; allows for arbitrary values in the components
different from ¢ and j (while checking that the word be well-formed).

Addition. Consider first the Biichi automaton Bf:add(imz) as illustrated in Figure
for the special case B3__, d(12) (the cases with different signs are similar, since x3 = x1 — xo
iff x1 = x5 + x3 and so on). It performs bitwise addition of the first two numbers, while
checking, each time, whether a carry bit has to be produced. Whereas this procedure

yields, for all possible input strings, at least one valid result, L(BF add(inia) ) does not

contain all w € WF* such that dec(w;) = dec(w;,)+ dec(w;, ). For example, L(B3_ add(1.2))
does not contain the word

+1 {0 |0 1 (1] |1] |1
+1 (0| |0 1 1] |1
|+ |1] 0] [e] [O] [Of |O] |O]
but instead e
+1 (0| |0 10 (1] |1] [1
+1 (0| |0 1 |1 1
] [0f 1] [ef [1] L1 [1] [1]
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Figure 3.6: The Biichi automaton A?_,

L —
= O
| I

We include all admissible triples using an additional tape and the equality automaton
defining

k . k k
Ai:add(il,iz) = CZ(PT’OJgk(Bkﬂ:add(il,m) A Ai:le)) .

Multiplication. The cases a € {0,1} are easy. Suppose a = 2. We create an additional
tape, k + 1, to “copy” the value of tape j using the Biichi automaton for equality. Tape
1 should then contain the sum of tapes j and k + 1. We finally erase tape k + 1. All this
is realized by
Af:mult(Q,j) = Cl(pmjgk(fliﬁ:j n A?ialdd(j7k+1))) .

Now suppose a is an integer such that a > 3 (negative constants are handled similarly).
Let u,_1...up € {0,1}* be the binary representation of a of minimal length, i.e., a =
dec(4up—1...upe000...). Furthermore, let K = {iy,...,iq3} € {0,...,n — 1} be the set
of indices ¢ such that u, = 1. In particular, n — 1 € K. Note that, for all x € R, we have

a- SU—ZW 2 x—Zuz 20 1.

leK

Thus, we can set

k+n k+n k+n
Az mult(a,j) l(p7’0]<k A= =5 ﬂAk+1+€ mult(2,k+¢) ‘Az’:add(k+1+i1 k+1+z‘d)))'

-----
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0 0 1 0 . .
B3, 0 1 0
0 1 1 0 1 0 1
0 0 0 1

=

1
(R y—

gh HHH

Figure 3.7: The intermediate Biichi automaton Bgzadd(l )

Note that we use a Biichi automaton performing an addition of possibly more than two
elements. We obtain the corresponding Biichi automaton by induction, letting, for n > 3,

' k+1
"4'1 add(iq,...in) CZ<P7“OJgk(-AkH:add(il,,,,,in 1) ﬂAz =add zn,k+1)))

Finally, suppose that a = “* for integers m,n € N;. For any real numbers z,y € R, we
have x = 2 -y iff n- 2z = m -y. Thus, we can set

k k+2 k+2 k+2
"4 =mult(a,j) — l(p’f’Oj <k (Ak+1 mult(n,) ﬂ Ak+2 mult(m,j) m Ak+1:k+2)> :
The remaining constructions are left as an exercise. ]

Exercise 3.9:

Determine the Biichi automata Af_; and AY v (for b€ Q).

From LRA to Biichi Automata. We now have all the ingredients to transform a
given formula into a Biichi automaton that we can then test for nonemptiness. For
simplicity, we suppose we are given a sentence, without free variables. Given an LRA
sentence, we first transform it into a logically equivalent formula in Prenex normal form,
i.e., into a sentence of the form

U =0x...0,0,P(,...,25)

where 0y, ...,0,, € {3,-3}, the xy,...,z,, are pairwise distinct, and ® is quantifier-free.
For background on the Prenex normal form, we refer the reader to |14]. Let t,... ¢, be
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all distinct occurrences of terms in @, includingf] T1,...,Ty. That is, m < n and t; = x;
forallie {1,...,m}.

With w = (wq, ..., W, Wiy, ..., w,) € WE" we associate an arbitrary interpretation
function I, such that Iy (z;) = dec(w;) for all i € {1,...,m}.

Lemma 3.1:

We can construct a Biichi automaton Aiem over X" such that

L(Aterm) = {w € WF" | I, (t;) = dec(w;) for alli € {m+1,...,n}}.

Proof. We set
Aterm = ﬂ B:L

i=m+1
where
Al gany =1+t
B = ?:mult(a,j) itt,=a-x;
Al constry  1fi=0
with a,b € Q. Correctness follows from Proposition by induction. n

Example 3.4:

Consider the sentence

U = —dzy.dxs. (71 <29 A ((x1 <0521+ 0.5-29) A (0521 +0.5- 25 < 29)))

~ i
-~

q)(ffl, .I'Q)

in Prenex normal form. The terms occurring in ® are xy,x9,0.5 - 21,0.5 - 29,0.5 -
r1 + 0.5 - z9, and we have

ry |+ [O] |1 |ef (O] [O] |Of [O
Ty |+ 11 [O] [ef |Of [O] [O] |O
0.5-21 |+] [o] (o] [e] [1] 0] [0] [0]...€ L(Awm).
05-29 |+ |0] |1] [e] [Of [Of |O]| |O
05-214+05-29 [+]| [Of |1| || |1] [O] [Of |O
Using Aierm, we now proceed by induction to transform any subformula ¢(z1, ..., x,,) of

¢ (including @) into a Biichi automaton B, over X" such that, for all w € L(Aierm),

w e L(B,) iff Iy = p(x1,...,2m). (3.2)

Term Comparison. Suppose p(T1,...,T,) = (t; <t;). We set

o n

4Strictly speaking, a variable is not a term.
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Let w = (w1, ..., w,) € L(Awerm). We will show (3.2)).

Suppose w € L(B,). Since W € L(Aterm), we have I (t;) = dec(w;) and Iy ( y
By w € L(Aj.;) and Proposition 3.5 we have dec(w;) < dec(w;). Thus, Iy (
which implies I =t; <t;.

c(w;).

) = de
L) < Lu(ty),

Conversely, suppose Iy, = t; < t;. Then, I (t;) < I (t;). Since w € L(Aterm), we also
have dec(w;) < dec(w;), which 1mphes w € L(A};). We conclude w € L(By,<,).

Disjunction. Suppose ¢(z1,...,2,) = @1V p2. We set
Byivp, = By, U By, .

To show (3.2)), let w € L(Aterm). We have w € L(By,vy,) iff w € L(B,,) U L(B,,) iff (by
induction hypothesis) Iy, = 1 V pa.

Negation. Suppose ¢(x1,...,T,) = . We set
B.,-B,.

Let us show (3.2)). For w € L(Aterm), we have w € L(B-,) iff w & L(By) iff (by induction
hypothesis) I, £ ¢ iff I, & —.

We thus hold a Biichi automaton Bg over X" such that, for all w € L(Aterm),

w e L(Bg) iff I, = O(xq,...,20) .

Consider the Biichi automaton Ag = cl(proj<,,,(Be N Aterm)).

Lemma 3.2:

We have
L(Ag) ={w € WF™ | I, = ®(z1,...,2m)}-

Proof. Let w € L(Ag). There is w = (w),...,w)) € L(Bs N Aterm) such that, for all
i€ {l,...,m}, the word w} equals w; modulo (possibly) extra leading zeros. In particular,
dec(w]) = dec(w;) for all i € {1,...,m}. Due to w' € L(Bs), we have I, = & and,
therefore, I, = ®.

Conversely, assume w = (wy,...,wy,) € WF" such that Iy = ®(z1,...,2,). Let

/

w = (w},...,w,) € WF" such that,
— foralli € {1,...,m}, w] equals w; but possibly has extra leading zeros,
—forallie {m+1,...,n}, dec(w)) = Iw(t;).
Then, we have w' € L(Aim) and, since Iy = &, w € L(Bg). Altogether, we have
(wh, ..., wy,) € proj<,,(Be N Aterm) and, finally, w = (w1, ..., wp) € L(As). O
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Towards a Biichi automaton for ¥ = 6,z ...0,.2,P(21,...,2,) where 0; € {3,-3},
we add quantifier (and so eliminate free variables) by induction: For i = m,...,0 (the
number of free variables yet to be eliminated), letting

\Iji = 9i+1xi+1 . mem@(xl, Ce ,LEZ‘) y
we build a Biichi automaton Ay, over X' such that

Note that Ay, = Ag. Now, let i =m —1,...,0. Towards Ay,, we will have to eliminate
free variable ;.

Existential Quantification. If ;,; = 4, then we set
-A\I/i = Cl<proj§i(A‘Pi+1)) :

We show (3.3)). We certainly have Ay, € WF'. Let w = (wy, ..., w;) € WF’,

Suppose w € L(Ay,). Then, there is w' € L(Ayg,,,) € WF™' such that, for all i €
{1,...,m}, w! equals w; modulo extra leading zeros. By induction hypothesis, we have
that Iy = VYiii(xy, ..., 21). But this implies Iy, F 3z, Vi (21, ..., 2i01).

Conversely, suppose Iy, = V; = Jz,41. W41 (21, ..., 2;41). There is a real number 7 € R
such that Iy [z — 7] B Uir (21, .., 241). Let W' = (w),...,wl ;) € WF! such that
dec(wj,,) = r and, for all © € {1,...,m}, w] equals w; but possibly has extra leading

zeros. We have Iy, = Wiy (21,...,2:41). By induction hypothesis, w' € L(Ay,,,). We
conclude w € L(Ay,).

Negated Existential Quantification. If §; = —3, then we set

-A\I’i = cl(projgi (‘A‘I’ZH» N Aivf .

That is, we first apply projection and closure as in the previous case, then complement
the automaton, and finally intersect it with A’ ;. By the preceding discussion, we have
W € L(A\pz)
iff we WF and Iy, F 3z Vi (21, ..., Ti1)
iff we WFZ and [w ): _|E|.CL’,L'+1.\I]Z‘+1($17 Ce ,ZCZ'Jrl)

-~

7

To wrap up, we obtain the Biichi automaton Ay, over X° (a singleton alphabet) such
that L(Ayg,) # 0 iff = ¥y (recall that ¥y = ¥). Nonemptiness of the language of a Biichi
automaton is a decidable problem due to Theorem

Historical Notes and Remarks on Complexity. LRA corresponds to the first-
order theory of real numbers with addition, denoted by FO(R, +, <). Tarski showed
that even FO(R, +, -, <), i.e., non-linear real arithmetic (including multiplication), is
decidable [51]. While his algorithm was nonelementary, FO(R, +, -, <) was shown to
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be solvable in doubly exponential time [12]. The automata-based decidability proof for
FO(R, +, <) presented in this section can be easily extended to FO(R, +, <, Z), which has
an additional unary predicate for the integers Z. Another well-known decidable theory is
FO(N, +, <), also known as Presburger arithmetic. On the other hand, FO(N, +, - <),
i.e., Peano arithmetic, is undecidable due to Godel [19).

The automata-theoretic approach to deciding FO(R, +, <,Z) is due to Biichi [11]. Note
that projection and negation together may cause an exponential blow-up in the automata
size, which a priori does not allow us to infer an elementary bound on the automata
size and computation time. Boigelot, Jodogne, and Wolper showed that the models of
every FO(R, +, <, Z)-formula are recognized by a weak deterministic Biichi automaton,
in which every strongly connected component contains either only final states or only non-
final states [9]. Loding showed that minimization of these automata can be reduced, in
linear time, to the minimization of DFAs [34]. Moreover, a doubly and triply exponential
upper bound on the size of minimal weak deterministic Biichi automata for formulas
from FO(R,+, <) and FO(R, +, <,Z) were shown by Klaedtke [29] and, respectively,
Eisinger [15]. For Presburger arithmetic and finite automata, a triply exponential upper
bound is due to Klaedtke [28]. These (finite) automata can even be computed in triply
exponential time, as was shown by Durand-Gasselin and Habermehl [13]. These results
suggest that automata-based decision procedures may still enjoy a good complexity and
run well in practice. Various automata-based libraries for deciding arithmetic theories
are available [1,6,9].

NNL specifications can often do without quantifier alternation, i.e., they belong to the
existential fragment, which has a favorable complexity. We will address this in the next
section. We will also discuss theories that correspond to deciding NNL sentences with
activation functions such as o and tanh [23].

3.4 An Efficiently Solvable Fragment of NNL

Our goal is now to identify a fragment of NNL[ReLU] that comes with an efficiently
solvable satisfiability problem. Observe that many specifications that we have seen pre-
viously have a relatively simple structure in the sense that they can do without quantifier
alternation. For example, consider Exercise [3.4, While ¢; has one quantifier alternation,
9 is the negation of an existential formula:

N(z1,22) = (y1,92) N N(2h,25) = (y1, y2)

902['/\/1 = _‘3131,.%271‘/1,$,2,y1,y2. A
—(zr=a1) V (22 = 23)

We will indeed show that satisfiability for existential NNL[ReL U] formulas is NP-complete
(and, therefore, satisfiability for universal NNL[ReLU] formulas coNP-complete).

Let us first define the corresponding fragment:
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Definition 3.8: Existential NNL (INNL)

Formulas from INNL are given by the following grammar:
t == a-x | b| t+t
p = t<t|t<t| Ve | opAe | Jz.po |
N(‘rla"wxm):(yl)"'ayn) | ﬁ(N(xlv""xm>:(y17"'7yn))

where N is a neural network with input dimension m € N, and output dimension
neN, T, Tm,Y1,--.,Yn € X, and a,b € Q.

Note that, as formulas are in negation normal form (negation is pushed inwards), we
include atomic formulas of the form ¢; < ¢y and = (N (x1,...,2m) = (Y1, .-, Yn)), which
are otherwise no longer expressible. We also use the abbreviations t; = t, = t; <
to N to<tyandt; #ty = t; <ty V ty <t;. Note that existential quantifiers are not
strictly necessary when considering satisfiability. However, we include them to be able to
preserve the number of free variables when translating forth and back between various
logics.

We will see that we can translate INNL[ReLU] into existential LRA, which is defined
analogously:

Definition 3.9: Existential Linear Real Arithmetic (FLRA)

Formulas from JLRA are generated by the following grammar:

t »= a-x | b | t+t
o = t<t|t<t| Vo | opAe | Jx.p

where x € X and a,b € Q.

We use the abbreviations t; = t5 and t; # t5 as in INNL.

Theorem 3.3: Complexity of FLRA
The problem SAT(JLRA) is NP-complete.

The decision procedure can resort to SMT solvers combining, for example, DPLL(T),
Simplex (linear programming) and Tseitin’s transformation. See [3] or [30] for a detailed
exposition.

Actually, we still need to say what the size of a formula is. It is the length of the formula
when constants are written in binary encoding: The length of a rational number m/n
(the fraction being simplified), with m € Z and n € N, is defined as 1 + [log(|m| +
1) + 1] + [log(n + 1) + 1]. Similarly, concerning INNL[ReLU], we define the size of a
matrix/vector as the sum of the sizes of all its coefficients.

Our goal is to show the following result:

32



CHAPTER 3. FEED-FORWARD NEURAL NETWORKS

Theorem 3.4:
The problem SAT(INNL[ReLU]) is NP-complete.

The lower bound follows from the obvious fact that ILRA <,y INNL[ReLU]. However,
we will show it for a smaller fragment of ANNL.

The upper bound stated in Theorem is due to the following reduction:

Lemma 3.3:

We have INNL[ReLU] <., FLRA.

Proof. We proceed like in the general case of Lemma [3.1] and translate N, say with input
dimension m and output dimension n, into ILRA formulas par(x1, ..., Zm, ¥1,- -, Yn) and
O (@1, .o, T, Y1, - - -, Yp) such that, for all rq,... 7y, 51,...,, € R the following hold:

— [NT(r1, - rm) = (81, -, 80) T E oar(r1, oo Py S15- -+, Sn)

— ND(r1, e ooyrm) # (s1,-0580) HE = Oy oo Ty S1, <24 S0)

We define par(21, ..., Tm, Y1, - - -, Yn) exactly like in the proof of Lemma [3.1 Note that
this gives indeed rise to an JLRA formula. Moreover, we set

QON(ZEIW“JxmaZla"wZn)

/ n
O (T1y e T, Yty Yn) = 321, -+, Zn ,
Ve ) = A Vs

=1

which is an dLRA formula, too. The overall translation produces a formula of polynomial
size. O

We will now present a stronger lower bound, due to [26,44,45], for the reachability
fragment of INNL[ReLU]:

Definition 3.10: Reachability Formulas
A formula from REACH is an INNL formula of the form
N(x1, .o sxm) = W1, Yn) A 01(x1, o5 xm) A ©2(Y1, - Yn)
where ¢ and ¢, are quantifier-free formulas generated by the grammar
t o= a-x | b | t+t
o = t<t| pAp
with z € X and a,b € Q.

In particular, all variables are implicitly existentially quantified.
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Theorem 3.5: Reachability is NP-hard [44,45]
The problem SAT(REACH[ReLU]) is NP-hard.

Proof. We follow [44}45] and provide a polynomial-time reduction from 3SAT (satisfia-
bility of 3CNF formulas). A 3CNF formula is a conjunction of clauses. Every clause is
the disjunction of three literals. A literal is a propositional variable X; or its negation
=X;. An example formula over the variables X, X5, X3, X, with three clauses is

gXl VXoVX3) A (RXiVXeVvaXg) A (X VX3V XY .

The satisfiability problem for 3CNF formulas is NP-complete: Given a 3CNF formula
® = Cy A...ACy over variables X7, ..., X,,, is there a valuation val : {Xy,..., X,,} —
{0,1} such that val(®) = 1 (with the canonical extension of val to formulas)?

We will first build a neural network A such that

{0,1}" = R

VT g1y -
‘{0,1} r=(ry,...,rm) — val(Cy) + ...+ val.(Cy)

where val,(X;) = r; for all i € {1,...,m}. The neural network N is illustrated in the
upper part of Figure [3.8] Correctness follows because, for all 71,75, 3 € {0,1}, we have

1 —ReLU(l —ry —ry —13)
= 1—max(0,1—r —ry —13)
0 ifT1:T2:7”3:0

1 otherwise.

It follows that
N(xy,...,xm) =y

m

® is satisfiable iff A N@i=0 v z;=1) | is satisfiable.
i=1
AN y==k
However, the latter is not a REACH formula (there cannot be a suitable REACH formula,
as {0,1}™ is not a hyperreactangle). So we add some more neurons to N that allow us

to enforce z; € {0,1} in the sentence (cf. lower part of Figure [3.8). We then obtain a
neural network N’ with in(N’) = m and out(N') =m + 1.

Note that, for all » € R, the following holds:
bool(r)
= ReLU(r — 0.5) + ReLU(0.5 —7) — 0.5
{r —1 ifr>05

—r ifr<0.5
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Figure 3.8: Neural network for (X;V XoV X3) A (=X;VXoV—=X3) A (X VX3V X))
In particular, we have bool(r) = 0 iff r € {0,1}. Therefore,
Ny, xm) = (Y, 215+ Zm)
® is satisfiable iff A /\ 2z =0 is satisfiable.
i=1

AN y=k

As the latter is a REACH formula whose size (in particular N’) is polynomial, we are
done. O

Theorem 3.6: NP-hardness for ReLU layers [44,45]

NP-hardness from Theorem [3.3] also holds for ReLLU neural networks such that all
but the last layers are ReLLU layers.
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+b1

Figure 3.9: Replacing an id neuron with ReLLU neurons

Proof. We replace a neuron with activation function id by a gadget employing activation
function ReLU. This is illustrated in Figure 3.9 Indeed, we have

(b + i aixi) - a
i=1

= ReLU(b+ Y agz;) - @) + ReLU(— (b + > aw;) ) - (~a))
i=1 =1

= ReLU (b + Z aixi> -a + ReLU(—b + Z —aixi) - (—aj})
i=1 i=1
This concludes the proof. n

NP-hardness results for even stronger restrictions on the neural networks can be found
in [44] 45/ 56].

Observe that, when the only activation function allowed is the identity function id, sat-
isfiability of REACH[@] can be reduced to a linear-programming problem. Therefore, we
obtain the following result:

Theorem 3.7:
The problem SAT(REACH]()]) is solvable in polynomial time.

Recall that many NNL specifications are negations of INNL[ReLU] sentences. As a
corollary of Theorem [3.4] we can cover this case, too:

Theorem 3.8:
The following decision problem is coNP-complete.
Input: A sentence ¢ € ANNL[ReLU]J.

Question: Do we have = —p?
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3 x ReLU(x) = max(0, z)

—  RelU 9(x)

NLReLU

—— sigmoid (o) 2 1

—— tanh NLReLU(z) = In(1 + ReLU(z))
1 1

(@) = —
= 1 + P / .
3 -2 -1 1 2 3
tanh(z) = % 1!
et +e*

Figure 3.10: (Local) activation functions given by g : R — R

Exercise 3.10:

In Theorem [3.8] why do we have to restrict inputs to sentences?

3.5 Beyond ReLU Neural Networks

So far, we mainly considered ReLU neural networks. But how about decidability for
general neural networks? In this section, we establish equivalence between verification for
a particular set of activation functions and LRA extended by the exponential function [23].

Definition 3.11: First-Order Formulas over the Real Exponential Field

Formulas from REF (first-order formulas over the real exponential field) are defined

as follows:
t o= a | x| t+t | t-t]| €

p n= 1<t | ¢ | oV | Tze
where x € X and a € Q.

The semantics of the new terms is given as follows (for an interpretation function I):
— I(e') = e!®
— I(ty - ta) = I(ty) - I(t2)

Let NNL* be a shorthand for NNL[ReLLU, NLReLU, o, tanh|. We recall these activation
functions in Figure [3.10] The decidability status of SAT(REF), also called Tarski’s ez-
ponential function problem, is unknown. We show a result, due to [23], stating that the
problem is effectively equivalent to SAT(NNL").

Theorem 3.9: Expressive Equivalence of NNL* and REF [23]
We have NNL* < REF and REF < NNL*.
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Proof. The statement follows from the two propositions below. n

Proposition 3.6:
We have NNL* < REF.

Proof. Tt remains to consider neural networks N' = (&) with Z = (A,b, f) and f = ¢
or f =tanh or f = NLReLU. Let m = in(.Z) and n = out(.Z).

We construct an REF formula op(x1, ..., Tm, Y1, - - -, yn) such that, for all real numbers
Tlyeves Ty S1y- -+, 8n € R,

INT(r1, - mm) = (81,5 80) B on(r1y -0y Ty S15 -+ Sn) -

We set
n z:bi—i—Zai’fwj
ON(T1y oo Ty Y1y e e Yn) = /\Elz. j=1
i=1
A CYf(Z,yi)
where
( .
yi- (1 +¢€7) =¢? if f=0
yi - (e +1) = (e* —1) if f = tanh

Off(Z, yz) =

< . =
(20 Ay =0) if f = NLReLU
V o (2>0 A e¥i=241)

The rest of the induction follows exactly the lines of the proof of Proposition [3.1} n

Now, we translate REF formulas into NNL* formulas. In the following, let n = NLReLU.

Proposition 3.7:
We have REF <,,;, NNL*.

Towards the proof, we establish a series of intermediary results:

Lemma 3.4:

For every function f : R — R from {ReLU,n,,tanh, Jfl,tanh_l}, there is an
NNL* formula ¢¢(z,y) € such that, for all interpretation functions I, we have

I'=p(e,y) i f(I(x) = I(y).

Proof. For f € {ReLU,n,o,tanh}, let Ny = (&) where .£ = ((1),(0), f). We have
[N¢] = f. Therefore, we can set ps(z,y) = (Ns(z) = y). Moreover, we let p,-1(x,y) =
(Na<y> = IIZ') and ¢tanh71(xa y) = (Manh(y) = IL') O

Henceforth, we will write f(z) =y as a shorthand for ¢ (x,y).
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Lemma 3.5:

There is an NNL* formula o, (x, y) such that, for all interpretation functions I, we
have

L'l pn(z,y) iff In(l(z)) = 1(y) .

Proof. We will express In in terms of o', tanh™!, and n:

— For all r € R such that » > 1:
n(r—1) = In(r)
— For all » € R such that 0 <r < 1:
o' (r) =In(r) —In(1 —r)
tanh™'(r) = %(ln(l +7)—1In(1—r))
o '(r) —2tanh ' (r) + n(r) = In(r) —In(1 — ) = In(1 +7) +1In(1 —7) + In(1 + )

= In(r)

Thus, we can set
x>0
AN (z>1 = Fz(z=2—-1An(2)=y))

Yy=2z21—2-2+ 23

Pi(z,y) = B
A (r<1= 3 A omle) =2
21, 22, 23. _
v PEEELOA fanh TN (2) = 2
A n(z) =z
This concludes the proof. O

Lemma 3.6:

There is an NNL* formula ¢ep (2, y) such that, for all interpretation functions 7,
we have

I E Qoplz,y) iff '@ =1(y).

Proof. We set pexp(2,y) = @m(y, z) (obtained by exchanging x and y in ¢ (z,y)). O

Henceforth, we will write e* = y as a shorthand for e, (z, y).

Lemma 3.7:

There is an NNL* formula ¢mui(z, v, 2) such that, for all interpretation functions
I, we have

I ): Spmult('rvyvz) iff I<x> ’ I<y) = I(Z)
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Proof. Recall that, for all 7, s € R with r, s > 0, we have 7 - s = ™"+12() | We can set

AN (x=0Vy=0) = 2=0

A (ZL‘>0/\y>0) = ElZl,ZQ,Zg.

>
N
S
+
N
N

|
N
S

N es =z
r_
@mult(x7y7z) - ==
In(z) =
A In(y) = 2
/ /
AN (x<0Ay>0) = Tz, 29, 23,2, 2. A 2tz = 2
A e =7
N z=—2
N
Completing the formula is left as an exercise. m

Exercise 3.11:

Fill the dots in the definition of Ymur(z,y, 2) in the proof of Lemma .

Henceforth, we will write x - y = z as a shorthand for gz, y, 2).

We are now ready to prove Proposition stating that REF < NNL*:

Proof of Proposition[3.7. Consider a formula ¢ = (t; < t3) and let T be the set of
subterms occurring in ¢; or t5. We replace ¢ with

I(zt)tes (20, < 2, N Yy N Uyy)

where v, and 14, are defined inductively by

(08 = (Za = )

(o - (Zz - )

Vevr = (2 + 20 = 2000 A Ve N\ Yy)
Yy = (Zt 2p =z N Uy A @th')
Ve = (€7 =200 N )

Doing this with all inequalities ¢; < t5, we obtain the desired NNL* formula. O
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Chapter 4

Recurrent Neural Networks

Feed-forward neural networks process one single input vector and produce an output
vector. In this chapter, we look at neural networks that process sequences. More precisely,
they may translate sequences of input vectors into sequences of output vectors, or serve
as sequence classifiers.

4.1 Definition and Semantics

We consider a simple class of recurrent neural networks, also known as Elman neural
networks [16], rather than more advanced architectures such as long short-term memory
(LSTM) [22].

Definition 4.1: Recurrent Neural Network

A recurrent neural network (RNN) is a triple R = (£, 2°"t h(¥)) where, for some
m,n,o € N,

— &M is a feed-forward layer with dim(Z™") = (n +m,n),
— Z°" is a feed-forward layer with dim(.Z°") = (n, o),
— h® € Qn is the initial (hidden) state vector.

If %" uses activation function f and #°'t uses activation function g, we call R an

(f,9)-RNN. We call
— state(R) = n the state dimension of R (i.e., the dimension of each hidden state),
— in(R) = m the input dimension of R (i.e., the dimension of each input symbol),
— out(R) = o the output dimension of R (i.e., the dimension of each output symbol).

However, states are considered to be hidden, and the type of the input-output relation is
solely described by dim(R) = (m,0). When we see R as a sequence-to-sequence trans-
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y(’r) c R y(TJrl) c R

)

gout gout

h(—D ¢ R® in h(+D) e R™

7y
x(D e R™ x(TtD) ¢ g™

Figure 4.1: Sequence processing by an RNN through time

ducelﬂ, we consider the mapping

"] {(RM)+ - (R)*

xW . xO i y® L y®

where, for all discrete time points T € {1,...,(},

h® — [[gin]](h(T—l) = X(T))
y(T) _ [[gO“t]] (h(’t))

Recall that h(™Y B x( is the vertical concatenation of h™1) and x(¥. The computation
is illustrated in Figure 4.1} That is, along the way, R also computes a sequence of hidden
states hW .. h®) € (R™)*. Note that [R] is length preserving, i.e., an input sequence
containing ¢ vectors is always mapped to an output sequence containing ¢ vectors.

It can actually be useful to view R as an (infinite) automaton coming with a state-
transition function dr : R x R™ — R" defined by dr(h,x) = [-£"](h H x), which is
canonically extended to sequences. When considering R as a sequence-to-vector trans-
ducer, we would be iterested in the mapping

) R™M)T =R
«R» : {w N [[gout]] ((SR(h(O),w)).

RNNs as String Transducers. Though input and output symbols are vectors over
real numbers, they allow us to deal with symbols from a finite alphabet as well. This is
important in natural language processing, where words are considered as single symbols
and are encoded, for example via one-hot encoding, as vectors.

'We use the terms sequence and string interchangeably. However, we rather avoid the term word in
this context. In NLP, words often refer to what we call letters (or tokens).
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Definition 4.2: One-Hot Encoding

Let X be a finite alphabet with || = m. A one-hot encoding encs, of 3 is an
injective mapping > — {0,1}™ C R™ such that, for all a € ¥, the vector x =
ency,(«) satisfies ", x; = 1. For example, for ¥ = {«, f}, we may set encs(a) =
(1,0)" and encx(B) = (0,1)7.

The corresponding one-hot decoding is the mapping decy, : R™ — ¥ defined by
decs(x) = a where « is such that argmax(encyg(«)) = min(argmax(x)). For exam-

ple, we have decx((0.7,0.5)7) = decs((0.5,0.5)"7) = a, and decx((0.2,0.5)7) = 3.

Remark 4.1: Binary Alphabets

If ¥ is a binary alphabet such as {ag, @1}, we may also choose the dimension to
be m = 1 and define encx(a;) = i as well as decs(z) = o iff x > 0 (or z > 0)
for some given threshold 0. This is particularly common in the output layer in
combination with activation function o and threshold 6 = 0.5.

The mappings ency, and decy, are extended to sequences as expected, i.e., encs(ay ... qp) =
encs () ... encs(ap) and decs(x™M ... x) = decg(xV) ... decs(x?). In the following,
we assume that all finite alphabets come with their one-hot encoding/decoding.

Let ¥ and I be finite alphabets with associated one-hot encodings ency, and encr, and
decodings decy, and decr. Furthermore, assume || = in(R) and |[I'| = out(R). Then,
RNN R defines the mappings

U =T
(Rl {w = dece([RY(encs(wy) {w  decr((R) (enes(u)

Remark 4.2: Alternative Semantics
If the activation function of .Z°" is softmax, we may consider the mapping
o ¥t — Distr(T)
(RIS -
w = (R)(encs(w))
where Distr(I") is the set of probability distributions over I'. The idea is that, for
the vector y = ((R))pzr}b(w), the probability of selecting 8 € I" as the next letter is

Yargmax(enep(8))- Lhis view has applications in in character-level language modeling
or text generation.

In the context of reactive systems, which are supposed to run forever, it is partic-
ularly interesting to consider infinitary versions of [R] and (R), which are of the
following form and whose definitions are as expected:

[R]*: (R™)* — (R%)*
[R]$p: X —T¥
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RNNs as String Classifiers. Let R be an RNN and m = in(R). If out(Z°") =1,
then R can be viewed as a classifier of strings over R™: For i € {>,>,=} and 0 € R,
we define

L(R) = {w € (R™)* | (R)(w) = 0}

to be the language of R, i.e., the set of strings that have a sufficient “score, or acceptance
probability, and are therefore classified by R as positiveE]

Suppose we are given a finite alphabet ¥. The RNN R is called an RNN over X if
m = |X|. Like above, R can then take one-hot encoded letters from X as inputs. If, again,
out(L°") = 1, we can interpret R as a classifier of strings over X. For < € {>, > =}
and 0 € R, we let

LE°(R) = {w € B | (R)(encs(w)) > 0}
be the language of R over .

Example 4.1: Example Applications of RNNNs

Among the classical practical applications of RNNs; let us mention price prediction,
text translation, or text classification. Several concrete use cases are given in the
blog article |25]. Consider, for example, an email spam classifier that processes a
text, i.e., a sequence over a finite alphabet ¥ (where each letter represents a single
word), and outputs a probability of being classified as spam. In other words, we are
interested in filtering emails contained in a language of the form L%e(R). Hereby,
it is up to the user to decide on the threshold 6 to achieve a reasonable trade-off
between sensitivity (true positive rate) and specificity (true negative rate).

4.2 Undecidability of the Emptiness Problem

In this section, we demonstrate that, unfortunately, determining the emptiness of the
language of a given RNN, when treated as a string classifier, is undecidable.

Theorem 4.1: Undecidability of RNN Language (Non)emptiness

For all x € {>, >, =}, the following decision problem is undecidable:
Input: A finite alphabet ¥ and a (ReLU, 0)-RNN R over ¥ with out(R) = 1.

1
Question: Do we have Ly 2(R) # ()7

As this fundamental decision problem is already undecidable for RNNs, this will also be
the case for the majority of non-trivial verification tasks. Thus, it is important to identify
suitable abstractions or restrictions. There has been an ongoing and fruitful effort to
establish positive verification results specifically designed for RNNs [2}24]2742,53].

The rest of this section is dedicated to the proof of Theorem 4.1 We first show that
(ReLU, 0)-RNNs can simulate all probabilistic finite automata (PFAs). PFAs were intro-

2If the activation function of .#°“ is the sigmoid function ¢, we can also interpret the score as
acceptance probability.
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duced and studied by Rabin [41]. Their (non)emptiness problem is undecidable and they
are strictly more expressive than finite automata.

Definition 4.3: Probabilistic Finite Automaton (PFA)

Let X be a finite alphabet. A probabilistic finite automaton (PFA) over ¥ is a tuple
A = (P aes, A, v) where, for some n € N |

- P = (p$;) € ([0,1] N Q)™ ™ such that, for all i € {1,...,n}, >0 p};, =1,
— X €{0,1}" is the initial state vector (a column vector) such that Y . |, \; = 1,

— v €{0,1}™ is the final state vector (a row vector).

Note that P* is a left stochastic matriz. We call it the transition-probability matriz of
a € X. The intuition is that A has an (implicit) set of states @ = {q,...,¢,}, and
P}, is the probability that, when reading « in state ¢;, we go to state g; E| Thus, A has
an equivalent representation as a state-transition graph (Q, ¢, A, F), which is basically a
finite automaton with transition probabilities. The initial state is ¢« = ¢; for A; = 1, and
the set of final states is F' = {¢; | i € {1,...,n} with ~; = 1}. Moreover, we have a set of
transitions A C @ x X x (0, 1] x @ containing, for all « € ¥ and all 4,5 € {1,...,n} such
that p; > 0, the transition (gi, v, Pl ¢;). We will switch between these representations
at discretion.

PFA A defines the mapping

R"x ¥ —=R"
5.A:
(x,a) = P*-x

Suppose that d 4 gets (x, «) as arguments and that x represents a probability distribution
over {qi,...,qn}, i.e., x; is the probability of being in state ¢;. Then, letting x" = § 4(x, @),
x} can naturally be interpreted as the probability of being in state g; after reading «. Using
the extension of d 4 to strings, we obtain the mapping

Al {z* — [0, 1]

w04 w) .

Thus, starting from the initial state, [.A](w) is the probability of reaching a final state
after reading w. Finally, for 0 € {>,>,=} and 0 € [0, 1], we define the language

L<%(A) = {w e * | [A](w) = 0}

We restrict to nonempty strings here, aligning with the definition of RNN languages.

3We choose p§,; rather than the more standard pg;, as it reflects the the way computations are
represented in the layers of RNNs, where the transition matrlx on the left is multiplied with the current
state on the right hand side.
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Remark 4.3: Reactive vs. Generative Probabilistic Automata

PFAs due to Rabin are also called reactive, as they yield a probability distribution
when providing an input. On the other hand, generative probabilistic automata
(also called Segala automata [46]) generate the next letter according to a probability
distribution over ¥ x (). In formal terms, we may consider that reactive PFAs (as
we study here) are equipped with a transition function § : @ x ¥ — Distr(Q),
whereas generative PFAs have a transition function of type ¢ : Q@ — Distr(X x Q).

Example 4.2: Probabilistic Finite Automaton
Let X = {a, 8}. Consider the PFA A = ((P®,P?),X,v) over X given by

,\:C)) PO‘:<§> PBZC (1)) v=(1 0)

Alternatively, A can be represented by its state-transition diagram:

Wi Wi

For k € N, we have

koos1 1 - if k is even
0 1 3 3 1
IIA]](Oéﬁk):(l 0). Lo A P . =
3 3 2 if k is odd
It is easy to see that every string ending in « leads to the final state with proba-
bility 3. Thus, no such strings is in L= %(A). Altogether, we obtain

W=

wIinN

(VI

LZ2(A) = {8 | k is odd} U {wap*® | w € {a, 8} and k is odd} .

Note that the image of [A] is finite since we have [A](w) € {0,%, 2 1} for all

)37 3
w € XT. In general, however, this is not the case.

PFAs enjoy some essential closure properties:

Lemma 4.1: Closure Properties of PFAs

Let ¥ be a finite alphabet, p € [0, 1] be rational, and A and B be PFAs over X.
We can effectively construct PFAs Cy, Cy,C3 over X such that, for all w € X+,

- [G](w) =1 = [A] (w),
= [G](w) = p- [Al(w) + (1 = p) - [B](w), and
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= [Cs](w) = [A](w) - [B](w).

Exercise 4.1:

Prove Lemma [4.1]

The next theorem states that RNNs with a particular set of activation functions are at
least as expressive as PFAs. It constitutes the first step towards showing that emptiness
of RNNs is undecidable.

Theorem 4.2: RNNs Recognize All PFA Languages

Let ¥ be a finite alphabet and A be a PFA over X. Moreover, let <1 € {>, >, =}
and 0 € [0, 1] be rational. We can effectively construct a (ReLU, o)-RNN R over
¥ such that out(R) =1 and

>

[S3(R) = L¥°(A) .

Before we prove the theorem formally, we illustrate the construction using an example.

Example 4.3: From PFAs to RNINs

An obvious first idea is to choose .Z™ such that in(£™") = |¥| (with one-hot
encoded letters as inputs) and state(£™) = |Q| as state dimension. The corre-
sponding matrix A" would then have dimension |Q| x (|Q| + |%|). However, in A,
we have |Y| - |@Q|? transition probabilities, which thus may not fit into A'".

The solution will be to “augment” the set of states so that every state has in-
coming transitions of a unique letter type. Consider, for example, the PFA A
from Example 4.2 Recall that ¥ = {a, 8} and suppose encs(a) = (1,0)T and
encs(B) = (0,1)". The PFA A’ illustrated in Figure is equivalent to the PFA
A from Example [1.2] i.e., [A](w) = [A](w) for all w € T*. However, every state
of A’ now has only incoming transitions labeled with a dedicated letter o or /8
(which we accordingly call an a- or S-state). Note that A’ is given by the following
ingredients:

1 1 1 1
1 BRI N 0000
0 22 2 2 0000
A= pr=|° 3% 27 Pf = y=(1 0 1 0)
0 0000 0101
0 0000 1010

Thanks to the transformation, the transition-probability matrices P® and P? no
longer “overlap”: for all 4, j € {1,2,3,4}, at most one of p¢; and pﬁ ; 1s non-zero.
That is, the sum P* and P? accommodates all probabilities occurring in A’ in a
single matrix of dimension R***. The layer . of the desired RNN is illustrated in
Figure for a neuron belonging to the a-state gs. If the input letter is «, i.e., the
input vector is (1,0) ", the output neuron indeed receives the updated probability
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(a) PFA A’ where every state has a
unique “incoming letter” (b) A neuron for target a-state g2

of being in ¢, after processing the input. If, on the other hand, the input is § and,
respectively, (0,1)", then the result before applying ReL.U will be < 0 so that the
overall result is 0. As ¢ is an a-state, the probability of being in ¢, after processing
[ is indeed 0.

The study of the expressive power of RNNs and their extensions and variants in terms of
formal languages has a long tradition and is still is an active research field [36]. In this
context, a prominent result by Siegelmann and Sontag states that RNNs can simulate
all Turing machines [48]. A general technique of transforming finite-state machines into
equivalent RNNs goes back to Minsky [37]. It has recently been generalized to generative
PFAs [50], which define probability distributions over ¥* (cf. Remark. Here, we apply
this technique to translate (reactive) PFAs into RNNs, aiming to show undecidability of
the RNN emptiness problem.

Now, let us formally prove Theorem [4.2]

Proof of Theorem[4.2 Let ¥ be a finite alphabet and m = |3|. Let A = ((PY)aex, A, Y)
be a PFA over ¥, with state-transition representation (Q, ¢, A, F') where Q = {q1,...,qn}
Moreover, fix < € {>, >, =} and a rational number 0 € [0, 1].

Without loss of generality, we assume that, for every iq,i9,5 € {1,...,n}, o, 8 € X, and
p1,p2 € (0,1] such that (g;,, o, p1,¢;) € A and (g;,, 8, p2, q5) € A, we have a = B[] We call
state ¢; whose incoming transitions all carry letter o an a-state. Note that the transition
probability matrices are not “overlapping”, i.e., forall o, f € ¥ and 4,5 € {1,...,n} such
that p$; > 0 and p]ﬁZ > 0, we have a = £5.

41f A does not satisfy this property, we can convert it choosing @ x ¥ as new set of states and
introducing, for all (¢;, o, p,q;) € A, transitions ((¢;, 8), @, p, (g, «)) for all 5 € X.
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We now formally construct the corresponding (ReLU, ¢)-RNN R = (£, Z°" h(®) over
1
% such that out(.Z°") =1 and Ly 2(R) = L(A).

— We let h©® = ).

— Define £" = (A", b" ReLU) as follows: Let A™ = P 0 C be the concatenation of
the matrices P € [0,1]"*" and C € {0, 1}"*™ defined by

P=>"Pp°
and, for all j € {1,...,n} and k € {1,...,m},

1 if argmax(encg(a)) =k
Cik =
- 0 otherwise.

Finally, for all j € {1,...,n}, we set b = —1.

— We define .Z°"t = (A°"t b°"* o) by A°"t =~ and b°"* = (—0).

Correctness Proof. Let us show that, for all hidden states h € [0,1]" and o € ¥,
dr(h, encs(a)) = d4(h,a). Let x = encx(a). We have

6r(h, encs(a)) = or(h,x) = [Z"](hHx)
— ReLU(A™ - (h g x) + b")

=ReLU(P-h+C-x+b")

(
=ReLU((Pm C) - (hHx) + b")
(
— ReLU((X4es P?) -h + C-x + b")
Lety = (y1,...,9,) =C-x+b" Forall j €{l,...,n}, we have

_J0 if g; is an a-state
Yi= —1 otherwise.

Thus, letting z = (3 55 P’)-h+y € R" we get, for all j € {1,...,n},

{zj =P7-h if ¢; is an a-state

2; <0 otherwise.
where P is the j-th row of P®. We conclude
dr(h, encs(a)) = ReLU(z) = P*-h = d4(h, ).
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With this, we obtain that, for all w € X,

(R)(encs(w)) e 5

iff [.2°"] (6= (W'Y, encs(w))) >a

iff [-2°] (04X, w)) > 3

iff o(y - 64X w) —0) >4

iff v+ d4(A,w)—00

iff v d4(A, w) <0

iff [A](w) <0

1

We have shown Ly 2(R) = L™®(A). O
To prove Theorem [4.1] i.e., undecidability of RNN language emptiness, it remains to

establish the corresponding facts for PFAs, depending on 1 € {>, >, =}.

The following undecidability results for PFAs are due to [7] and [39]. The proofs were
later simplified and strengthened in [1§]. For a concise overview of what is decidable and
undecidable in PFAs, we refer to [17].

Theorem 4.3: Undecidability of PFA Language Emptiness [7,39]

The following three decision problems are undecidable:
Input: A finite alphabet ¥ and a PFA A over X.
Question 1: Do we have L=2(A) £ 0 (ie., [A](w) = 1 for some w € ¥1)?

Question 2: Do we have L>3(A) # ()7
Question 3: Do we have L>5(A) # ()7

Proof. We first consider Question 1. The proof is a reduction from the following modified
Post’s correspondence problem (modified PCP)E].

Input: A finite alphabet ¥ and morphisms fi, fo : ¥* — {0,1}* such that f;(«) €
1(0+1)* for all ¢ € {1,2} and a € %.
Question: Is there w € X7 such that fi(w) = fo(w)?

Given an instance f1, fo of the modified PCP, we will effectively construct a PFA A over

5 such that, for all w € X7, we have fi(w) = fo(w) iff [A](w) = %, which implies the
theorem.

5The standard undecidable PCP does not have the restriction f;(a) € 1(0 + 1)*. However, when we
start with an unrestricted instance of the form g1,g2 : ¥ — {0,1}", we can translate it into fi, fo :
¥ — {0,1}* defined by f; = f o g; where f: {0,1}* — {0,1}* is the morphism given by f(0) = 10 and
f(0) = 11. Then, f;(«) starts with 1 for all @ € ¥. Moreover, we easily see that g1 (w) = g2(w) for some
w e LT iff fi(w) = fao(w) for some w € XF
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Let € =0 and, for u; ... u; € {0,1} with & > 1,

Uy g = 0.ugug_q ... up (in binary)

Uk—1
_21+ 2 +2_k*

Thanks to the modified PCP, we have, for all w € ¥*, fi(w) = fo(w) iff fi(w) = fo(w).

Towards the PFA A, we will construct two PFAs A; and A, over X such that, for all
i€{1,2} and w € X*, we get

[A](w) = fi(w). (4.1)

We then combine A; and Ay using Lemma 4.1 and obtain a PFA A over ¥ such that, for
all w e ¥,

[A](w) = %([[Alu(w) (1= [As](w))).
Then, we are done as [A](w) = 5 iff fi(w) = fo(w) iff fi(w) = fo(w).

PFA Evaluating Binary Numbers. The main building block in the construction
of both A; and ./42 will be a PFA B = ((P°, P!),\,v) over {0,1} such that, for all
v € {0,1}", [B](v) = | Thus, B “evaluates” v. It is given by

o) ) ) e

We show [B](v) = 7, by induction on k = |v|. The claim clearly holds for k = 0, i.e.,
v = . Moreover, for the case k =1,

NI= D=

Now suppose, for v = uy ... u, with k > 1, that [B](v) = 7 holds. Moreover, assume

S5(A, ) = (1;1))

for suitable p € [0,1]. In particular,

p=[B]v)=v. (4.2)
Let u € {0,1}. We have
P ifu=0
1—0p 2
[[B]](ul...uku):(() 1)-Pu- = .
b 54‘% ifu:1
:_+_!0u—|—00uk up = 0uug . oup = Uy ... uRu

2 2

SNote that P° and P! should not be confused with powers of some matrix P.
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Construction of A. Let i € {1,2}. Building on the PFA B = ((P° P'), \,v), we now
construct the PFA A; = ((P%)aex, A, y) over X such that, for all strings w € ¥*, we have
[Ai](w) = fi(w). For v = uy...uy with k > 1, define P¥ = P . ... . P“. With this,
given a letter o € ¥, we let P® = P/i(®_ Indeed, for all w = a4 ..., € £*, we obtain

[A](w) =~ -P* ... - P* . X
:,y,Pfi(aé) . Pfilen) )

This concludes the proof of undecidability of the first problem.

Questions 2 and 3. Question 1 can be reduced to Question 2 as follows: From the
given PFA A, we construct, using Theorem [4.1, a PFA B over ¥ such that, for all w € ¥*,

we have
[B](w) = [A](w) - (1 = [A](w)) .

Note that 1 is the global maximum of the function 7+ 7 - (1 — r), which is only reached
for the argument r = 1. Thus, we have [B](w) > 1 iff [A](w) = 3.

Undecidability of Question 3 can be obtained by analyzing the transition probabilities in
the automata considered so far. We refer the reader to [1§]. O

We now have shown Theorem [4.1] using the effective constructions from Theorems[4.2]and
to reduce PFA emptiness problems for > € {>, >, =} to RNN emptiness. Specifically,
for every PFA A over X, we constructed (ReLU, 0)-RNNs R, R, R3 over X whose output
layers have output dimension 1 and such that the following hold:

L5 (Ry) = L75(A)
L33(Ry) = LZH(A)
L3 (Rs) = L7 H(A)
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Chapter 5

Attention and Transformers

Transformers have been introduced by Vaswani as a powerful alternative to RNNs and
their variants [55]. Like RNNs, transformers can be used as sequence-to-sequence trans-
ducers, as they process sequences of arbitrary length. For language-recognition tasks, we
will consider only the encoder (or decoder) part, as is the case in popular language-model
architectures like BERT and GPT.

Verification issues for transformers have only been addressed sparingly so far. The main
purpose of this chapter is to highlight a few interesting questions for future research.

5.1 Attention

An essential component of a transformer is attention, specifically, an attention head.
There is an analogy between attention heads and channels of convolutional neural net-
works. Both allow the network to focus on different aspects and parts of an input.
Therefore, one usually has several attention heads per layer.

Definition 5.1: Attention Head

An attention head H = (Q, K, V) is given by three matrices (i.e., linear transfor-
mations) Q, K € Q™ ™ and V € Q™" for some n, Nkey, Myalue € N+. They are
respectively called query, key, and value matrix.

We let in(H) = n, out(H) = Nyane, and dim(H) = (n, nyane). Later, we will see that n
can be understood as the dimension of the hidden state of a transformer. Attention head
‘H defines a mapping

[H] - (R™")* x R™ — RMalue
@Y. 29 x) =y

which allows it to situate a vector (word/letter embedding or hidden state) inside a whole
sequence. Let q = Q-x. Moreover, fori € {1,..., ¢}, let k¥ = K-z and v() = V .z,
The semantics is then given by

¢
y = sz‘ vl
i=1
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Figure 5.1: Illustration of an attention head H = (Q, K, V)

where (p1,...,pe) = Weights(ay, ..., ap) with

1
V Mkey

The scaling parameter is optional. The function Weights : Rt — R* is a length-

preserving weight function. Usually, one chooses Weights = softmax™: R™ — R™, where
the latter is softmax adapted for sequences, i.e., for a variable number of input arguments,
instead of a fixed number of input values.

For theoretical considerations, one sometimes replaces softmax™ by other weight functions,
in particular:

— min-argmax*: Rt — {0, 1}, also called leftmost-hard attention, and
— avg-argmax®: R™ — R, called average-hard attention.

Here, min-argmax™(z1, ..., x¢) = (b1, ..., by) where b; = 1iff i = min(argmax(z1, ..., x,)).
For example, min-argmax*(3,7,4,7) = (0,1,0,0). Moreover, avg-argmax® takes the av-
erage for all maximal elements, i.e., avg-argmax*(z1,...,x,) = (b1, ..., by) where

1
" Jargmax(zy, ..., )]

forall7 € argmax(xq,...,x), and b; = 0 for all other i. For example, avg-argmax*(3,7,4,7) =
(0,0.5,0,0.5).

The working principle of attention heads is illustrated in Figure [5.1]

In the following, we develop an attention head that will later serve as a building block of
transformers (cf. Examples and Examples .
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Exercise 5.1: Attention Head Computing the Maximum

Define an attention head Hm.x = (Q, K, V), using avg-argmax* as weight function
and with parameters n = 3 and nyey = Nyawe = 1, such that [Hmax] : (R*)T x R? —
R where, for all zq,..., 2,2 € R,

[Henax] (2,0, 1) .. (24,0, 1), (2,0,1) ") = max{z1,..., 2} .

Solution:

Note that dim(Hmax) = (3,1). The matrices can be chosen as follows:
Q=(0 0 1) K=V=(10 0)

This actually also works with min-argmax™ instead of avg-argmax*. An illustration
of Hmax can be found in Figure [5.5

Several attention heads can be combined to form layers.

Definition 5.2: Multi-Head Attention Layer

A (multi-head) attention layer o/ = (HW,...,H®D W) has d > 1 attention
heads H® = (Q®,K® V®) and one additional linear transformation in terms
of a matrix W. We require that all attention heads share the same dimensions
N, Mkey; Mvalue € Ny and that W € Q< (d- Mvalue)

We let in(o/) = out(«/) = n and dim (/) = (n,n). We can assign to &7 three different

semantics:

— The (cross-)attention semantics is given by
R™* x (R*)* — (R™)*
L1 ( )<1> | ()@ | <1>) )
(w,xV . x) iy Ly

where

vy =W (1O (w,x") 5. .. BHD (w,x)).

— The self-attention semantics is defined by

R = (RY)T
[ e - {w > [] (w,w) .

— Finally, the masked self-attention semantics is defined by

R+ (R)*
XM xO  y® O

[[M]]masked . {

where (letting w; = x(M ... x®)

vy =W . (HO(w;, xNF... BHD (w;, xD)).
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Figure 5.2: A multi-head attention layer with masked self-attention semantics

Note that [&7]ser and [97]maskea are length-preserving, and [<7] is length-preserving in
the second argument. Masked self-attention is illustrated in Figure [5.2]

Example 5.1: Attention Layer

We continue Exercise [5.1] Let Hmax be the attention head developed there. We
obtain a (single-head) attention layer ,., when we add the matrix W, =
(0,1,0)" € Q3! which writes the result delivered by Hmax into the second compo-
nent of the three-dimensional zero-vector. For an illustration, consider Figure

5.2 The Transformer Architecture

Encoder Layer. An encoder layer is of the form & = (&, N). It has two compo-
nents, a multi-head attention layer o7 (with self-attention semantics) and a feed-forward
neural network N with dim(«/) = dim(N) = (n,n) for some n € N[ Abusing no-
tation, [N] can be extended to a mapping (R*)* — (R™)* letting [N](x™M ... x®) =
N (D). N(x?). We can now define [€] : (R")T — (R™)* by

[€](w) = Norm(w + [N](@))
where @ = Norm(w + [ [sas(w)) .

ITypically (but not mandatorily), NV is a two-layer neural network with ReLU and id as activation
functions, respectively.
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Figure 5.3: The interplay between an encoder layer (left) and a decoder layer (right)

Here, Norm : (R")* — (R™)" is the length-preserving layer normf| and addition is
position-wise (thus length preserving, too). Accordingly, we define dim(&) = (n,n).

The structure of an encoder layer is illustrated on the left-hand side of Figure [5.3]

Remark 5.1: Normalization and Addition

Optionally, the layer norm(s) may be chosen to be the identity function. Moreover,
addition (also called residual connection) may be omitted. However, both greatly
help in the training process of transformers. Moreover, in some applications one
may consider adopting the masked self-attention semantics. That is, alternative
semantics for encoder layer £ can be given as

[€] = [M] © [/ ]eer
or [[5]] = IIN]] o [[dﬂmasked 0

Decoder Layer. A decoder layer is similar to a encoder layer, but as part of its input
comes from an encoder layer, its semantics is described in a different way. A decoder
layer (of dimension n) is of the form D = (&M, & N). It features two multi-head
attention layers &/ and .&#® and, like the encoder layer, a feed-forward neural network

2The layer norm usually includes learnable parameters, which we omit in the definition of £ for
simplicity.
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N such that dim(o/V) = dim(o/?) = dim(N) = (n,n). Its semantics is a mapping
D] : (R")* x (R™)" — (R™)" defined by

[D](Wene, w) = Norm(wy + [N (ws))
where wy = Norm(w; + [« @] (wene, w1))
wy = Norm(w + [ 7V maskea (w)) -

Thus, /() is actually a masked multi-head attention layer, and /(® is a cross multi-
head attention layer. We define dim (&) = (n,n). Note that [D] is length-preserving in
its second argument. The decoder layer is illustrated on the right-hand side of Figure 5.3

Note that Remark applies here as well, i.e., normalization and residual connections
are optional. However, in NLP tasks, applying the masked-self attention semantics in
decoder layers allows one to feed complete input and output sequences during training
while avoiding that the decoder can “look into the future”. In fact, its decisions should
be based solely on what it has read/produced so far.

Transformer. Transformers were initially introduced for machine translation. For that
case, we assume ordered finite alphabets ¥ and I' (of words or tokens). We assume that
I’ contains a start-of-sequence symbol SOS and an end-of-sequence symbol EOS. They
indicate when the translation of the output sentence will start and end, respectively. The
semantics of a transformer 7 over ¥ and I' will define a (partial and not necessarily
length-preserving) mapping
[[T}]E,F D IR R

We start with a length-preserving encoding of the input sequence, realized by an em-
bedding emby, : ¥t — (Q)*. It is obtained from a word embedding’] WEs, : & — Q"
and a positional encoding PE : N, — Q" and defined, for w = a1...ap € X1 by
emby(w) = x .. x® where x) = WE(«;) + PE(4). We include the mappings emby; and
embr in the definition of a transformer, as they are in principle learnable.

A transformer consists of a stack of encoder layers and a stack of decoder layers.E]

Definition 5.3: Transformer

A (machine-translation) transformer with hidden-state dimension n € N, over 3
and ' is a tuple

T = (embs, embr, (W, ... E®) (DY, ... D) Noy)
such that
— emby : ¥t — (Q™)* and embp : I'" — (Q™)" are embeddings,
— W .. E¥ are encoder layers with dim(E®) = (n,n),
~ DW, ... D" are decoder layers with dim(D®) = (n,n),

3The one-hot encoding encs,; is a special case of a word embedding.

4RNNs and LSTMS can also be presented in that way, especially when we consider text generation.
We will present transformers in their full form, but then focus on encoders and their capability as
language recognizers.
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Figure 5.4: The interplay between encoder layers (left) and decoder layers (right)

— Nyt is a feed-forward neural network with a softmax activation function in its
last layer and dim(Now) = (n, |T]).

Before defining [7]sr, we define an intermediate semantics [7]3F : ¥* x I't — T,
which, for a given input sequence wj, € X% and an output sequence wq,: € I'" generated
next

so far, provides the next output letter [T 55 (win, wout) € ' to be appended to woye. To
determine [T 55 (Win, Wout), We compute

= [€9](w ™) wiit = [PW](w)y, wli ™)
w® = () sl = [Py )
= [[E(l)ﬂ(w,(,?)) out - [[D(l)]]< in ’ g?;l)
wi(nﬂ) = emby;(win) wc(,?,)t = embp(Wout)

This interplay between encoder and decoder layers is illustrated in Figures 5.3 and [5.4}

With this, [7]3F (Win, Wout) is the min(argmax(Noye(x)))-th letter from I' where x is the

last vector in wc(,ui Now, SOS is a dummy symbol that allows the decoder to produce a

first output. Thus, [T]3 (win, SOS) generates the first letter after “reading” the input
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string w,. Continuing this scheme, we let
B = [TIET (win, SOS)
Ba = [TI5T (win, SOS B1)
B3 = [T (win, SOS S1/32)

Consider the smallest index ¢ > 1 such that Syy1 = EOS. If ¢ does not exist, [T ]s.r(win)
is undefined. Otherwise, [T s r(win) = b1 ... e

5.3 Encoder-Only Transformers

Based on the general transformer architecture, we now extract simple architectures, solely
based on encoder layers, that define simpler functions or serve as language recognizer.

Henceforth, all encoder layers £ = (&, N') may or may not use masked self-attention.
Also recall that residual connections and the normalization are optional in every layer.

Definition 5.4: Encoder-Only Transformer

An encoder-only transformer is a tuple
T = (Mn7£(1)7 o . 78(H)7Nout)

where, for some m,n,o € N,

— Nin and N, are feed-forward neural networks with dim(N;,) = (m,n) and
dim(Noyt) = (n,0), and

— EW .. €W are encoder layers with dim(E®) = (n,n).

Similarly to RNNs, we let in(7) = m, out(T) = o, dim(T) = (m,o0), and state(T) = n.
Analogously, we can now define a length-preserving mapping [T7] : (R™)* — (R°)* as
the function composition

[7] = Now] 0 [€W] 0.0 [EW] o [Nin]

where, again, [N,] and [Nou.] are straightforwardly extended to sequences. We also
define (7) : (R™)* — R? such that (7 )(w) returns the last vector in the sequence

[TT(w).
Just as for RNNs, we can view an encoder-only transformer as a sequence classifier.
Suppose dim(T) = (m,1). Then, for 1 € {>,> =} and 0 € R, we can define the
language

L7T) = {w € ®R™)" | {T)(w) > 0}.

Again, we can adjust this definition to cope with languages over a finite alphabet X
coming with a one-hot encoding encs. If m = |X| and dim(7T) = (m, 1), then we let

LENT) = {w € 57 | (T)(encs(w)) > 0}
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e = (%max’./\/'(l))

vQ{max = (Hmax: Wmax)

Figure 5.5: Transformer implementing argmax*

Example 5.2: Encoder-Only Transformer For argmax*

We continue FExample Consider the length-preserving mapping
argmax* : RT — {0,1}" over arbitrarily long sequences of real numbers.
We will define an encoder-only transformer 7 with dim(7) = (1,1) and
state(T) = 3 such that [7] = argmax*. It is illustrated in Figure

In a preprocessing step, we apply A, such that A, (z) = (2,0,1)". Next, we
use self-attention in @7,... Thus, H outputs, at every position, the maximum
number occurring in the sequence. Thanks to the residual connection, the ouput is
added to the input vectors. It remains to identify the positions where the first two
components are identical (those are the positions originally carrying the maximum
number). This is taken care of by the neural network N'")| which outputs 0 iff the
first two components are equal. More precisely, for x = (z1, 29, 23) ",

(0, 0, 1)T if 1 = T2

[[/\/(1)]](x)={(170’1>T it o £ 2,
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Hereby, we leave the third component unchanged, as this will be useful in the
subsequent example. The neural network N’ makes use of heaviside as (local)
activation function, defined by

0 ifz<0

heaviside(z) = '
1 ifz>0.

However, we could also use a combination of ReLU and o, adjusting the interpre-

tation of the output accordingly. Finally, M, inverts the first component. The

specification of Mi,, NV, and Moy is left to the reader as an exercise.

= (-Qfmava(l))

= (HmaX7 Wmax)

masked

Figure 5.6: Transformer recognizing sorted sequences (lower part)

Example 5.3: Encoder-Only Transformer Recognizing Sorted Sequences

Again, we will build on Example Our goal now is to model a function
f: Rt — {0, 1} that returns 1 if the input sequence is sorted, and 0 otherwise. We
will define an encoder-only transformer 7 with dim(7) = (1,1) and state(T) = 3
such that, for all w € RT, the last element in the sequence [T](w) is f(w). In
other words, L=YT) = L=%°(T) is the set of sorted sequences over R. The
transformer 7 = (M, EW, €@ ALy,) is illustrated in Figures and Figures .
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@ = (ﬂmam/\[(?))

= (Hmaxa Wmax)

masked

Figure 5.7: Transformer recognizing sorted sequences (upper part)

We use the very same components as in Example 5.2l However, we now adopt
the masked self-attention semantics. In that case, every position 7 in the sequence
can only “see” the previous positions (including 7). Thus, at the last position,
we use Hmax in the second encoder layer to detect whether some violation of the
order has occurred. Note that the neural network N'®? will just invert the first
two components so that we can apply M,y as in the previous case.

Note that the encoder layer £ could also use the non-masked self-attention se-
mantics, as we are only interested in the output at the very last position.

Example 5.4: Well-Formed Bracket Strings

The last example, which is due to [§], is concerned with the language L over the
finite alphabet ¥ = {(,)} given by the following grammar:

Az=(A) | AA | ¢

Thus, L is the set of well-formed bracket strings. Figure sketches an encoder-
only transformer 7 with two encoder layers such that L=°(7T) = L. Here, we
assume encs( () = (1,0)" and encg()) = (0,1)".
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The idea is that the first component of a global state checks whether, in every prefix,
there are at least as many opening as closing brackets. The second component
checks whether, in the entire word, there are as many closing as opening brackets.
A violation of the former property would result in some value 1 in the first compo-
nent after the first encoder layer. If not violated, the original string is valid if the
second component is zero, too. Zeroness in both cases is checked the the second
encoder layer.

but | sum

\es 7l

0 0 0 0
1 1 1 1
L)
e I I I I I
id ‘ id ‘ id ‘ id ‘ id ‘ id ‘
0 0 0 0
1 1 1 1
S | & | & | & @ @
masked self-attention with avg-argmax™
- = T T T T T T
0 0 0 0
1 1 1 1
1 i 1 t t
[ [ | | | |
heaviside | | heaviside| |heaviside| | heaviside| |heaviside| | heaviside
—1 -2 - -1
<1l +2 ! <3 =4 +5 +6
+1 +2 +1 +1
[ masked self-attention with avg-argmax™ }
. T T T T T T )
=l -1 +1 +1 =1 +1
+1 +1 -1 -1 +1 -1
t t t
K K

{ Mn in ‘ -/\/in in ‘ Mn ‘ Mn
1 1 0 0 1 0
0 0 1 1 0 1

Figure 5.8: Transformer recognizing well-formed bracket strings

A series of recent papers established a rather complete picture of the language classes
defined by transformer architectures, both in terms of logic and circuit complexity. Ex-
amples include [4,5]8,35,/49]. To the best of our knowledge, only few works address the
verification of transformers. Exceptions are [32,47], which study robustness verification.
General positive decidability results for transformers have yet to be explored. Due to
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Turing completeness of the general architecture [40], the challenge relies in identifying
architectures that allow for deciding interesiting properties. This represents a crucial area
for future research, particularly in the context of verification. A related question is what
a useful specification could be, for example in the spirit of NNL.
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