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A Recursion Theoretic Approach to Program Testing

JOHN C. CHERNIAVSKY anp CARL H. SMITH

Abstract—Inductive inference, the automatic synthesis of programs,
bears certain ostensible relationships with program testing. For induc-
tive inference, one must take a finite sample of the desired input/output
behavior of some program and produce (synthesize) an equivalent pro-
gram. In the testing paradigm, one seeks a finite sample for a function
such that any program (in a given set) which computes something other
than the object function differs from the object function on the finite
sample. In both cases, the finite sample embodies sufficient knowledge
to isolate the desired program from all other possibilities. These rela-
tionships are investigated and general recursion theoretic properties of
testable sets of functions are exposed.

Index Terms—Inductive inference, program testing, recursion the-
ory, white box testing.

I. INTRODUCTION

HERE is a striking symmetry between the problems

of program testing and inductive inference. The test-
ing problem consists of finding a finite set of inputs and
associated outputs that characterize the most likely errors
"in a given program. The inference problem consists of
discovering a program given a finite set of inputs and as-
sociated outputs. This symmetry has been exploited be-
fore. Weyuker [24] developed a testing methodology
based upon inferring a program from given inputs and
outputs. If the inferred program was equivalent to the pro-
gram to be tested, then the test data were deemed to be

adequate. This connection was also noted, but not ex--

ploited, in [5]. |

The approach we take is best characterized as specifi-
cation independent testing [10]. The program’s correct-
ness is to be determined solely from its internal structure
(intensional information). This theory is general enough
to describe both white box and black box testing method-
ologies [1]. The approach is recursion theoretic in nature
and the sort of questions that we ask reflect this view.
Our approach does not result in any particular testing

methodology nor does it give practical hints for testing.

What it does provide are precisely stated limitations as to
the power of any testing methodology. i
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Our main results concern the relationship between test-
ing and inductive inference (in the context of recursion
theory). We show that for recursively enumerable sets of
functions, inference is more difficult than testing. On the
other hand, if the recursive enumerable condition is
dropped, then testing and inference are incomparable. We
also develop a connection between completely recursively
enumerable sets and testable sets.

II. NOTATION

We are concerned with the testing and synthesis of pro-

grams. Consequently, the notion of program must first be
formalized. We restrict our attention to programs com-

| puting functions that take a single natural number as input

and produce another one as output. In the context of re-
cursion theory, this restriction entails no loss of generality
since any string of symbols can be uniquely encoded as
single natural number. See [13] for an example coding
scheme. As the results below are independent of any par-
ticular programming language, we will start with the lan-
guage of the reader’s choice. The choice of language must
satisfy only two constraints. Firstly, one must be able to
algorithmically determine if a string of symbols is a syn-
tactically well formed program in the language of choice.
Secondly, the language must possess an unambiguous se-
mantics. Clearly, an implemented language with a com-
piler for some machine satisfies these constraints.

Programs in the language of choice will be formed from |

strings of symbols from some alphabet. For the sake of
example, consider the ascii alphabet. Finite strings of
symbols over a finite alphabet form a recursively enumer-
able (r.e.) set [12]. The enumeration starts with the null
string, followed by all the strings with one symbol listed
alphabetically, followed by all the strings with two sym-
bols listed alphabetically, followed by - - - . The function
of one argument computed by the program represented by
the ith string in the above-mentioned list of strings will
be denoted by ;. If it turns out that the ith string is not a
syntactically well formed program in the language of
choice, then, by convention, ¢; is the everywhere unde-
fined function. The list of programs, ¢, ¢, * " , is
called an acceptable programming system [13] (criginally
called an acceptable Gédel numbering [17]). Conse-
quently, the natural numbers (¥) will name the programs.
Furthermore, several properties are known to hold for any
acceptable programming system. Some of these proper-
ties are used in the proofs below.

Functions can be represented as sets of ordered pairs.
For example, some function f could be represented by
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{(x, f(x))|x € N}. Finite functions will be denoted by
lower case Greek letters. We will say ¢ C fif and only
if the set {(x, o(x))|x € domain ¢} is precisely the set
{(x, f(x))|x € domain ¢}. Furthermore, o is an initial
segment of fif ¢ C fand it holds that Vx and y if x €

ful inference by an inductive inference machine. The suc-
cess criterion we will use is due to Gold [9]. An inductive
inference machine M converges to i on input from f (writ-
ten: M(f) | i) if there is a ¢ C fsuch that M(o) = i
and for each 7if ¢ C 7 C fthen M(7) = i. In the event

domain ¢ and y < x then y € domain ¢. The functions f that M gives up reading input, then we say the M has con-

and g are called finite variants of each other if the set
{x| f(x) # g(x)} is finite. A set Sis closed under finite
variance if whenever f € S and g is a finite variant of f,
then g € S. Our concern with finite functions also requires
an effective, canonical list Dy, Dy, * - - of all the finite
sets. Each finite set in the list can be enumerated and the
end of the enumeration can be effectively determined. One
way to form such a list is to say y € D, if and only if the
yth bit of the binary representation of x is 1 [18]. From
the enumeration of finite sets it is possible to form an ef-
fective canonical enumeration, m, 7;, * * * of all and only
the finite functions [13].

(-4

III. NoTIONS OF INFERENCE AND TESTABILITY

Inductive inference has been studied for centuries with
the most recent activity by computer scientists [2]. The
basic idea is to synthesize a program given a finite sample
of its intended input/output behavior. An inductive infer-
ence machine is an algorithmic device which inputs a
function, represented as a set, an ordered pair at a time
and while doing so, occasionally outputs programs in-
tended to compute the function being input. Although the
above definition does not explicitly mention the order in
which the inference machine sees its input, we can none-
theless pretend that our inference machines see only total
functions in their natural increasing domain order (0,
£(0)), (1, f(1)), - - - [4], [6). If M is an inductive in-
ference machine and o is an initial segment of some func-
tion then M (o) denotes the last output made by M after
seeing all the ordered pairs in o but before receiving any
additional input.

As a mathematically rigorous view of an inductive in-
ference machine, consider a two tape Turing Machine with
one of the tapes being read only. The value on the other
tape is considered the current output of the machine. If an
input segment o, of size n + 1 is placed on the read only
tape in order (0, ¢(0)), (1, 0(1)), * - - (n, a(n)), then
M (o) is formally defined to be the value on the output
tape at the precise moment that the read head on the read
only tape moves to the right of the string “*(n, o(n))"’ for
the first time. An I[IM M that stops reading input at some
point is particularly uninteresting. We may (uniformly and
effectively) modify each IIM to read an additional input
every few instructions. This will not guarantee that the
IIM will use the data in any meaningful way, only that
the machine eventually reads each data point. Conse-
quently, we may assume without any loss of generality
that the quantity ‘M (¢)"’ is effectively computable for
any M and any ¢. The computability of M (o) for finite
o’s is essential for the proofs below (and in the work in
inductive inference referenced below).

There are several notions of what constitutes a success-

verged to the last program that it produced as output. M
infers fif and only if there is an i such that M( f) | i and
¢; = f. Each inductive inference machine M will infer a
set of recursive functions denoted by EX(M ). The infer-
ence of partial recursive functions can also be discussed
by saying that M infers a partial function y if and only if
M(Yy)liand ¢ C o;. *

The object of testing is to produce a fest set, or a finite
sample of the input/output behavior of some function, say
£, such that any program matching the behavior of f on
the test set can be safely concluded to compute f. Of
course, this goal is a priori impossible since any finite test
set has infinitely many different recursive extensions.
Consequently, testing can only be done within the con-
fines of a predetermined set of recursive functions called
S in the definition below. The idea here is to distinguish
functions in S from each other in those cases when both
the object function and the function computed by the pro-
gram to be tested are in S. T is an adequate test for § if
and only if for each f € S if ¢; € S then [¢; = fif and only
if T(i) C f]. The testing agent 7 maps programs to finite
functions. Given a function f € § and a program i com-
puting some function in S, T is adequate to determine. if
¢; = f. If a testing agent exists for a set S, then S is called
a testable set.

For T to be a useful testing agent it must be at worst a
partial recursive function with domain including {i|¢; €
§}. Ideally, T would be recursive and easy to compute.
We placed no restriction on T in the above definition be-
cause we wanted to investigate testing in its full general-
ity. For the same reason, we have not been specific about
how T computes. If the computation of T proceeds by out-
putting ordered pairs then we may not be able to tell when
all of T (i) has been output. On the other hand, T could
produce a single integer which is to be interpreted as ca-
nonical index for a finite function. If it is the case that we
can enumerate the ordered pairs of T (i), for any i, and
know when the list is complete, we will call the finite test
sets generated by 7T canonical. For brevity, we will say
that T is canonical in such cases. We say that T is semi-
canonical if T is partial recursive and when [ is in the
domain of T, we know when the enumeration of 7(i) is
complete.

Note that our definition of adequacy differs from many
of the published notions of adequacy. Our notion is es-
sentially equivalent to the definition of program adequate
,given in {2|4'].\-As noted in [24], this notion can be viewed
as a generalization of many other notions of adequacy,
including those based upon white box testing and black
box testing [1]. If black box testing is viewed as gener-
ating test data that distinguish functions from one another,
then our definition of testing fits the black box testing par-
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adigm. But as noted in [24] the notion of white box testing
can also be incorporated within the definition of program
adequate. White box testing is testing where knowledge
of the program is used rather than knowledge based solely
on the functional behavior of the program. White box
testing methodologies view test data sets as being ade-
quate when some ‘‘coverage’’ criteria is satisfied. This
can generally be expressed as test data selection that forces
particular paths in the program to be executed. This can
be further expressed as a symbolic computation in which
certain predicates are required to evaluate to true. In all
cases of which we are aware, these coverage criteria can
be expressed as distinguishing among a finite set of pro-
grams obtained from the program under test using simple
modifications. For example, Gourlay [10] gives a general
construction showing how systematic path coverage can
be enforced by modification of the original program (the
construction is part of a proof showing that PATH,, testing
is strictly weaker than PATH, , ; testing). Weyucker and
Davis give constructions that ensure path coverage in
their more general notion of program-based test data ad-
equacy [22], (Weyucker, private communication). De-
Millo er al. [8] in their mutation analysis work rely on
distinguishing between programs obtained by their simple
mutation operators.

Incorporation of the notion of white box testing into our
theory is now straightforward. Given a program { that is
to be tested by a white box testing methodology, form the
programs that are to be distinguished by the test data. That
collection of programs then defines the class S of func-
tions that are to be distinguished. Test data that distin-
guish these functions force the paths to be executed and
thus satisfy the coverage criteria.

One small point has to be addressed and that is the as-
surance that the programs that are to be distinguished
compute recursive functions. In practice, a timer, or
counter, would be included in each program defining a
function in § which, after a specified period of time has
elapsed without the program halting, would stop the pro-
gram’s execution and output some special value. The fol-
lowing simple theorem then gives us the desired results.
Hence, white box testing is included in our theory.

Theorem 1: If § is a finite set of recursive functions,

then § is testable via a semicanonical testing agent.
Proof: Since § is finite, there is some n such that all
the functions in § are distinguished by their values on the
first n integers. T (i) is just the ith program restricted to
the first n integers. If ¢; € S then ¢; is recursive and de-
fined on the first n arguments. Hence, T is semicanonical.
If i computes a function in S, then 7' (i ) distinguishes that
function from the rest of the functions in S. O

- Ty

IV. THE TESTING INFERENCE RELATIONSHIP

The first relationship between testing and inductive in-
ference that we wish to note is that there are sets S which
are inferable but not testable. A particularly strong formal
statement is proven below. First the particular set S will
be chosen. The functions of finite support (S,) are all

those recursive functions that evaluate to 0 on all but fi-
nitely many arguments [14].
Theorem 2: S, is inferable.

Proof: An inductive inference machine M is defined
such that §, © EX(M ). M will be able to accept inputs
from S, in any order. M starts out by initializing o = 0
and outputting a program zero such that ¢.,,,, computes the
everywhere zero function. Then, M repeats the following
instructions eternally:

Input an ordered pair (x, y). If y = 0 then do noth-
ing. If y # 0 then add (x, y)to 0, e.g., 0 = ¢ U
{(x, y)} and output a program for ¢ where

) = {U(x),

0, otherwise.

if x € domain o;

Suppose f€ S,.. Since M outputs a new program only when
a pair (x, y) with y # 0 is read and there are only finitely
many such pairs contained in f, M( f) | i for some pro-
gram {. At the point when M outputs i, ¢ contains all the
pairs (x, y) from fsuch that y # 0, as otherwise M would
eventually output some program other than i. ¢; = f, as
if x € domain ¢ then ¢;(x) = o(x) = f(x) and if v €
domain o then ¢;(x) = 0 = f(x). Hence, fe EX(M).

Theorem 3: S, is not testable.

Proof: Assume that S, is testable and let T be the
testing agent. For this proof, it does not matter whether T
is canonical, or even effectively computable. Given any
program { computing a function of finite support, let T(i)
be the finite function produced (perhaps noneffectively)
by the testing agent. There are an infinite number of func-
tions of finite support extending 7(/) that are not equiv-
alent to ;. Thus we have a function f e S, such that T(i)
C fand f # ¢;. Hence, S, is not testable. l

Not only is S, untestable, every class of functions that
is closed under finite variance is untestable. This follows
since the only property of S, used in the above proof is
that it is closed under finite variance. The abundance of
untestable sets may seem to be a serious problem. How-
ever, in many practical applications, the set § is finite and
the apparent problem disappears. For eample, by Theo-
rem 3, the class of functions described by finite automata
is not testable. However, if the class is restricted in some
natural way, say to the class of all functions described by
automata with fewer than n states (for some value of n)
then testing can be performed adequately.

As a strengthening to Theorem 3 above notice that S,
is r.e. To see this, an argument similar to the one above
is used. Construct a recursive function g such that
{¢eir|ie N} =S, as follows. Forx € N, by the Church-
Turing Thesis, let

m(y) if y € domain =,

0, otherwise.

Gogu)(}’) = {

Clearly, S, = {¢,)|xe N}.
Now suppose that T is an adequate test for S. If S is an
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r.e. class of recursive functions, then § is extrapolable
[3]. Every extrapolable function is also inferable [6].
Consequently, all the testable sets of recursive functions
which are r.e. are also inferable making testing a strictly
weaker notion than inference for r.e. sets of programs. In
fact, a slightly stronger result holds.

Theorem 4: Any testable r.e. set of partial recursive
functions is inferable. .

Proof: Suppose fis the recursive function witnessing
that Sisr.e.,e.g. § = {¢py|i € N}. Let Tbe an effective
(e.g., computable) testing agent for S. 7 may not be ca-
nonical. Let T(i)° denote the finite set of ordered pairs
appearing within s steps after the computation of T on
input i is started. An inductive inference machine M is
defined by specifying M () for all finite functions o.

Suppose ¢ is input to M. Let ¢ denote the cardinality
of 0. If there is no value i < ¢ such that T( f(i))°
C o then M outputs nothing (M(c) = 0). Other-
wise choose i < cleast such that T( f(i))° € oand

output f(i) (M(a) = f(i)).

Suppose ¢ € S. Choose j least such that = ¢y(;,. Let
oo C 0, C 0> * + * be an enumeration of the graph of .
For the enumeration to correspond to a valid presentation
of ¢ to M it must be that (Vn)[o, C ¢] and ( ¥x € do-
main ¢)(3n)[x € domain o,]. Choose n large enough
such that (for ¢ = the cardinality of o,)

D T =T,

2) T(f(Jj)) € o, and

3) (Vi< DHITf)) C o,

Clearly, an n satisfying 1) and 2) exists. For such an n
suppose by way of contradiction that there is an i < j such
that T( f(i)) C o,. Since ¥, ¢y;, € S and T is an ade-
quate test for S, ¢;y = ¥, contradicting the choice of ;.

O

However, if the constraint that S is r.e. is dropped, then
there are testable sets of recursive functions which are not
inferable, making the two notions incomparable.

Theorem 5: There is a non-r.e. set of recursive func-
tions which is testable but not mferable Furthermore, the
testing agent is semicanonical.

Proof: The proof proceeds in two parts. A set of non-
identifiable functions is constructed. Then a non-r.e. set
S is formed along with its adequate test to complete the
proof. Since inductive inference machines are algorithmic
devices, we can form an enumeration, M,, M, * * - of all
of them in a manner similar to the enumeration of all the
Turing Machines. That is, start with an enumeration of
all strings over some fixed but arbitrary alphabet with
enough symbols to express the algorithm used by any in-
ference procedure. If some string j does not correspond to
a syntactically valid inductive inference machine, then we
say that M; identifies nothing. Program p (i ) below is de-
signed to fool M;. Unfortunately, for some i’s, program
p(i) may compute a finite, and hence not a total, recur-
sive function. The construction below will guarantee that
if ®pi) is recursive then it cannot be inferred by M;. On
the other hand, if ¢, is finite then M; will fail to infer
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any recursive extension of ¢,;. The twisted argument is
necessary since { ¢, |i € N} isr.e. and hence, inferable.
The basic idea of the proof is to, for each inference ma-
chine, construct a function uniquely identified by its value
at argument 0 which baffles the given inference machine.

Begin program p (i ). On input x, successively execute
the stages s = 0 described below until (if ever) @, (x)
is defined. ¢}, denotes the finite amount of ¢,;, defined
before stage s. At each stage we will look for a proper
extension of ¢,;y. By way of initialization, set (,op(,) =
{(0, i)}, thereby guaranteeing testability.

Begin stage s. Simultaneously execute the two
subprocedures below until one of them succeeds in
defining :pf,{ff Alternatively, dovetail the computa-
tions described below.

1) Look for an initial segment ¢ such that ¢, C

o and M () # M(o) When, and if, such
a ¢ is found, set gap(,) o. (Then M, is forced
to change its mind.)

2) Look for an x ¢ domain g¢,;, such that
goM(,,j)(x) \. When, and if, such an x is found
set ﬁap(r) (‘Pp(r) U {( y’ M;(.pp(.))(x)l ¥
< x, y ¢ domain ¢y }). (Then M;’s last con-

jecture is not a program for any extension of
+1
Ppi) )

End stage s.
End program p (i ).

The next step of the proof is to pick, for each i, a re-
cursive function, f; ¢ EX(M;). The testable set S will be
the union of the f;’s. For each i, f; will either be ¢, or
an extension thereof, depending on which of the two case
below holds. Since we cannot determine which of the
cases holds, S will nor be r.e. [6].

Case 1: Each stage terminates. Hence, the search for
e )1 always succeeds. Set f; = ¢,(;), a recursive function.
Suppose that M;( f) | g. Then, since M; on f at some
point stops changing its mind, (3s)(V¥o) [¢pi) C 0 C f

p(,}(cpp(,)) = M,;,(0) = q]. Hence, past stage s, all
extensions to ¢,;, are made by clause 2). Therefore,
¢, (x) converges # fi(x) for infinitely many numbers x
found at stages s' > s. Hence f; € EX(M,).

Case 2: Some stage s never terminates. Then ¢,y =
@5y 2 finite initial segment. Set f; = (¢, U {(x, 0)]x
¢ domain ¢, }), a recursive function. Choose ¢ C f;
such that ¢,;, S 0. Then M;(0) = M; () as otherwise
clause 1) would have terminated stage s. Hence, M;( f)
I = M (). Furthermore, @y, ) (x) is undefined for any
for any x ¢ domain ¢, as otherwise clause 2) would
have terminated stage s. Hence M;(¢;;)), M;’s final out-
put on f;, does not compute f;. Therefore, f; ¢ EX(M;).

Continuing with the main proof, let S = { f;i|[ie N}. §
is not inferable as each inference procedure is baffled by
at least one member of S. Define a partial recursive func-
tion T such that T(i) = (0, ¢;(0)). T is computable, but
not recursive. Furthermore, T is semicanonical in the
sense that if any ordered pair is produced by T(i) then
all of T(i) has been produced. The proof is completed by
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showing that T is an adequate test for §. Choose a member
of §, say f;, and a program to test, say j. If ¢; € S, then
©;(0) is defined to a value which is unique among the
members of §. Consequently, [¢; = f iff T(j) C f 1.
and T is an adequate test for S. 0

With the r.e. constraint on § dropped we can even find
a well known subclass of the inferable sets, all of which
are testable. Following [6] we say that an inductive infer-
ence machine M EX; infers a recursive function f if and
only if M EX infers f after changing its output conjecture
at most  times. EX; (M ) denotes the set of recursive func-
tions EX; inferred by M.

Theorem 6. Every EX, inferable set of recursive func-
tions is testable.

Proof: Suppose that M is an inductive inference ma-
chine. We may suppose without loss of generality that M
makes at most one conjecture on any input. Let T be the
test procedure defined as follows:

On input i start up a subprocess to enumerate the set
{(x, ¢;(x))|x € N}. The subprocess is terminated
if and when T'({) is defined. Let ¢’ denote the finite
amount of output generated by the subprocess after
s computation steps. Set 7 be the largest initial seg-
ment of ¢. Then T(i) = 7" where s is the least num-
ber such that M (7°) is defined.

Suppose now that f and ¢; are members of EX,(M ).
Then T(i) is defined since M can EX, infer ¢;. Further-
more, 7(i) is an initial segment of the graph of ¢,. If ¢,
= fthen T(i) C ¢; = f If T(i) C fthen M( f) I=
M(p;) = M(T(i)). Hence, f = oymipy = urin = @i
Therefore, T is an adequate test for EX, (M ). O

Although the definition of EX, inference seems to be
very restrictive, there are some extremely rich EX, infer-
able (and hence, testable) sets. The proof of this uses the
notion of singleton variance. A function fis a singleton
variant of a function g iff f(x) = g(x) except for one
value of x € N. The proof also uses the parametric form
of Kleene’s original recursion theorem [11] (see [18]). In-
tuitively, the parametric recursion theorem allows one to
construct sequences of programs pg, p,, -+ such that
each program p; knows its own description ( p;) and its
position in the sequence (i ). The theorem is stated below.
See [20] for an intuitive discussion of this and other re-
cursion theorems.

Lemma 7: Parametric Recursion Theorem—For any
partial recursive function  there is a total recursive func-
tion p such that for all i and x, ¢,;\(x) = ¥(x, p(i), i).

Theorem 8: There is an r.e. set of functions containing
a singleton variant of every partial recursive function.
Furthermore, the same r.e. set is in EXj.

Proof: By the parametric recursion theorem there is
a recursive function p such that vi, x

otherwise.

p(i), if x
@i (x);

Clearly, { ¢, |i € N} is r.e. Let My be an inductive in-

‘Pp(i)(x) = [
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ference machine that ignores all its input until it sees an
ordered pair (0, y) for some y. M, then outputs the value
y and stops. Clearly, { ¢, |i € N} C EXy(My). O
The next larger class of inferable sets, FX,, is not test-
able.
Theorem 9: There is a set in EX| which is not testable.
Proof: First, a set § which is EX, inferable is de-
fined. Let
0,
.

LetS = { filie N} U Ax[0]. Clearly, § is EX, inferable
by an inference machine that initially guesses a program
for Ax[0] and then outputs another conjecture only when
it sees input (x, 0), (x + 1, 1). If such a pair of inputs
is received, then the machine outputs a program for f,.
Suppose by way of contradiction that T is an adequate test
for § and ¢. = Ax[0], a member of 8. Then T(z) is
defined. Let x be the least number not in the domain of
T(z). Then f, € S and T(z) C f,butf, # o, # ¢., a
contradiction. td

ifx =1

fi(x)

otherwise.

V. RELATIVIZED TESTING AND INFERENCE

The above results demonstrate that testing and infer-
ence are incomparable. In this section we consider rela-
tivized testing and inference, that is testing and inference
procedures that make use of an oracle (extra information).
Following Rogers [18] let Ky = {(x, y)|e.(¥) +}. Ky
is Turing equivalent to the well known halting problem
set K = {x|¢,(x) L}. A general oracular procedure is
an effective procedure except for calls to a subroutine
computing the characteristic function of some nonrecur-
sive set (the oracle). Another definition of oracle has been
used in discussion testing issues [23]. This other defini-
tion defines the oracle to be the function putatively com-
puted by the program being tested. We use the recursion
theoretic notion of oraclar procedures [18]. Of course an
oracle for the halting problem contains enough informa-
tion to construct an inductive inference procedure identi-
fying all the partial recursive functions.

Theorem 10: There is an inductive inference proce-
dure, using an oracle for Ky, inferring all the partial re-
cursive functions.

Proof: Let M be an inductive inference procedure that
initially outputs O as its first conjecture and then executes
the following steps eternally.

Let conj be the most recent conjecture output by M.
Request input. Let ¢ be the finite amount of input
received so far. Using an oracle for K, determine if
domain ¢ C domain ¢,,,,. If so, then, by simula-
tion, determine if ¢,,,; (x) = o(x) for all x € domain
. If program conj fails any of these tests then output
i where i is the least number > conj passing both
the above tests and set conj = i. If the input function
is partial recursive then i is guaranteed to exist.

Now suppose that f is a partial recursive function fed to
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M as input. Let i be the least number such that f € ¢;. If
M outputs conj on input from f for conj < i then it must
output a new conjecture since, by the choice of i, either
®conj 18 NOL defined on some point, x, in domain f or there
is an x such that ¢, (x) | # f(x). In either case, M will
reject conj as soon as x € domain ¢. On the other hand,
M will never reject i, since f S ;. d

Theorem 11: There is no oracular testing procedure ad-
equate for §,.
~ Proof: The proof is identical to the proof of Theorem
3, except that T is allowed the use of an oracle. OJ

Consequently, not even an oracle for program equiva-
lence is powerful enough to yield adequate testing pro-
cedures for some sets. This indicates that testing is more
difficult than inference. A preliminary speculation as to
why testing is so different from inference is that inference
procedures are limiting in nature, they can change their
minds finitely often as to their answer while testing pro-
cedures cannot. We saw in Theorem 9 that inference pro-
cedures that changed their hypothesis once were more
powerful than testing procedures. What if we allow test-
ing procedures to converge in the limit to a finite test set?
Even then, S, is not testable. To see this, we appeal to
the limir lemma, a folk theorem appearing in [19].

Lemma [2: A total function f is computable with an
oracle for the halting problem if and only if there is a
recursive function £ such that for all x, lim,_ _, A(x, s) =
f(x).

If there were a limiting test procedure 7 such that given
FeS,and ¢, € S,, ¢; = f o lim;_, T(i, s) C f, then
by the limit lemma, a function equivalent to the limit of
T would be computable with an oracle for the halting
problem, contradicting Theorem 11. Consequently, the
difficulty of testing does not lie in the constraint that the
testing procedure generate a test set uniformly and effec-

tively from the program it is to test. The difficulty of test-

ing then must be because it is impossible to distinguish
infinitely many functions, all of which are finite variants
of each other, based on a finite sample. Furthermore, test-
ing is difficult (impossible) even when compared only with
other unsolvable problems.

It may seem counterintuitive at first that an oracle for
the program equivalence problem does not always help in
the testing of programs. This is due to the functional na-
ture of our notion of program testing. The program equiv-
alence oracle tells when two programs compute the same
function. It does not say if a given program computes a
given function. The function to be implemented as a pro-
gram may be only vaguely specified, or specified in a non-
algorithmic fashion. .—

VI. TesTING AND CoMPLETELY R.E. SETs

The relationship between testing and inference depends
on whether the set to be tested or inferred is r.e. In this
section the relationships between testable sets and r.e. sets
is examined further. We proceed by introducing the no-
tion of a recursively enumerable index set. Suppose that
P is a property of functions and C is the set of all functions

possessing property P. Then Pr is the index set consist-
ing of all the programs computing functions in C. In sym-
bols, Prc = {i|¢; € C}. The term ‘“‘index set’’ stems
from the historical perspective that the natural numbers
serve as indexes of functions in an acceptable program-
ming system. The following result, from [16], character-
izes precisely when an index set is r.e. As such, it is an
extension of the famous ‘‘Rice’s’’ theorem characterizing
when index sets are recursive. The version stated below
is from [13]. The set of functions computed by the pro-
grams in an r.e. index set is sometimes called a com-
pletely r.e. set of functions.

Lemma 13: Suppose C is a collection of functions.
Then Preis r.e. if and only if Pro = O or there is an r.e.
set A such that for all x[¢. € Cif and only if 7, C ¢, for
some y € A]. '

The finite functions in A are collectively called a key
array. Our next result says that any testable set is con-
tained in some completely r.e. set.

Theorem 14: Suppose T is a semicanonical adequate
test for S. Then there is a completely r.e. superset of §
containing only functions extending the test sets gener-
ated by T.

Proof: By the canonical and effective way in which the
list of finite functions was formed, and by the Church-
Turing thesis, there is a partial recursive function & such
that, for all i, m;;, = T(i) is undefined, then k(7) is
undefined. Let A equal the range of k, an r.e. set. Set §
= {y| there is an i € A such that m,;, € ¢ }. By Lemma
13, S is completely r.e. Suppose f€ S and ¢; = f. Then
T(i) ;. Therefore, m,;, & ;. Hence, ¢, € § implies
fes O

As a companion result to the above Theorem we also
have the following.

Theorem 15: Suppose S is a completely r.e. set. Then
there is an r.e. semicanonical testable subset of S contain-
ing only recursive functions.

Before presenting the proof we pause for a technical
Lemma.

Lemma 16: If § is a completely r.e. set with key array
A generated by f, then there is a recursive function g gen-
erating another key array for § such that if { < j then
Tei) & Ty

Proof: Suppose A generated by fis the key array for
S, a completely r.e. set. Define g as follows:

Fiy, where i is the least number < x such
g(x) - thi?[ Triiy = Ticine if such an {
exists;
fx), otherwise.

If p; € S then 7y, C ¢; for some x. If g(x) = f(x)
then ¢; is also in the completely r.e. set with key array
generated by g. If g (x) # f(x) then, by the construction,
g(x) = f(j) for some j < x. In which case, ;) C
iy C ;. Since g(x) = f(j) for some j < x and, con-
sequently, ¢; € §. O

Proof (of Theorem 15): Let A be the r.e. set witness-
ing that § is completely r.e., let fbe a recursive function
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with range A. We may suppose without loss of generality,
by Lemma 16, that if i < j then mp;y & 7p(;). The first
step of the proof is to construct another key array gener-
ating a completely r.e. set § C S. The key array for § will
be enumerated by a recursive function g such that for all
i and j either m,;; = my(;, or there is an x € (domain
Ty U domain m, ;) such that myqy(x) # m,;)(x). The
testable set and the testing function will be built from g.
g will be defined in effective stages of finite extension,
with g (s) being defined in stage s. The construction will
employ counters, one for each number. Initially zero,
counter ¢; will be incremented so that its value is at least
as big as the value of m,;,(i) for any j such that g( j)
has already been determined and i € domain 7,;,. To
emphasize the effectiveness of the procedure, a set vari-
able C is used to keep track of the active counters. At any
point, only finitely many counters will be active. Initially,
C = 0. Execute the following stages in order.

Begin stage s. If there is an § < s such that f(5) =
f(s) then set g(s) = g(5) and go to stage s + 1.
Otherwise, set ADD = {i € C|i ¢ domain 7 }.
Choose k such that 7, = m, U {(i, ¢, + 1)|i €
ADD}. Since C and ADD are finite and ) is a
finite function, the choice of & is effective. Set g(s)
= k and increment all counters c; such that i € ADD.
For each j € domain ;) do the following:
If j € C then set ¢; to the max of its current value
and ) (j) else put j in C and initialize ¢; =
Trisy(J)-
End stage s.

We claim that for each i and j either ;) = m,; or
Te(iy and m, ;) are inconsistent. Suppose by way of con-
tradiction that i < j, g(i) # g(j) and ( ¥x € (domain
Teiy M domain g ;1)) [ ey (x) = me(;)(x)]. By Lemma
16, mpiy & mp(j)- So there must be an x € (domain ;)
— domain 7y ;). Then counter ¢, will have value at least
Tqi)(x) at the beginning of stage i + 1. At stage j then,
g(j)is chosen such that m,(;,(x) > ¢, = 7 ;) (x), which
contradicts the choice of { and j.

Let S be the completely r.e. set generated using g as
key array. If ¢; € S then there is an x such that o) C
@;- By the construction, sy & Ty(;) S0 @; € S.

The next step is to build a testable subset of S. Let § =
{y;]i e N} where y; is defined as:

vi(x) = {“gm(x),

0, otherwise.

if x € domain m,(;);

Clearly, § is an r.e. subset of the functions of finite sup-
port. Notice that there is only one member of § extending
any of the m,;)’s. The proof is completed by finding an
adequate test for §. T is computed by the following infor-
mal algorithm:

On input i, use the key array g to enumerate S until
i is produced as output. Then it must be that 7,
C ¢, for some x. Set T(i) = m,,. With a little
more care and a lot more notation, the x can be ef-

fectively found. If i never appears then this proce-
dure does not terminate and 7'({ ) is undefined. The
semicanonicalness of T follows from the canonical
nature of the =;’s.

Suppose f and ¢; are members of § and we wish to test
if program i computes f. Since § C S, T(i) is defined,
say equal to m,(,). In which case, 7,y C ¢;. If Ty C
f then both f and ¢; are in $, both extend Ty(xy and there
is only one function in § extending (. Hence, f = ¢;.
If myry € fthen there is a y such that f( y) # 7,y ( ¥).
By the choice of x, ¢; ( y) = Ty ( V), so f # ¢;. There-
fore, T is an adequate test of S. ]

One of the first observations made in Section III was
that certain restrictions of impossible testing problems are
in fact testable. Problem pruning seems to be fundamental
to contemporary computing. In some cases, the difference
may not be between the solvable and unsolvable, but
rather the restricted problem may be tractable whereas the
original was not. By the previous theorem we know that
any completely r.e. set has a testable subset. Qur final
result indicates that any completely r.e. set can be made
infinitely smaller and that this process can be iterated ar-
bitrarily often. The results of this section exhibit the ex-
istence of effective, not necessarily efficient, techniques
to prune testable sets. Starting with a testable set, apply
Theorem 14 to get a completely r.e. superset. Then apply
the following Theorem arbitrarily often, each application
making the completely r.e. set ‘‘smaller.”’ Finally, apply
Theorem 15 to obtain another, smaller, testable set.

Theorem 17: For every nonempty completely r.e. set
@ there is a nonempty completely r.e. set & such that B
C @ and @ — ® is infinite.

Proof: Let fgenerate @, the key array for @. We may
suppose by Lemma 16 that if i < j then my;y & 7y ;). Let
y be the least number not in the domain of my,. Choose
k such that m, = (ms0) U {(y,0)}). Define a recursive
function g as follows:

=

Let 3 be completely r.e. set with key array B generated
by g. Suppose h € ®. Then (3i)[7,;, C h]. Either g (i)
= f(i) placing h € @ or g(i) = k and 7y C m =
meiy C h, again placing & € Q. Therefore, & C Q. The
proof is completed by exhibiting infinitely many functions

if Trixy = Oor Tr(x) C s

otherwise.

in @ — ®. Define recursive functions h,, k, * - - as fol-
lows:
Tpy(x),  if x € domain 74(0);
hi(x) =< i, if x = y;
0, otherwise.
The first clause ensures that Vi, h; € @. If h; = h; then i

= j by the second clause. Hence {h;|i > 0} is infinite.
The choice of y and the first clause of the definition of g
guarantee that Vi 3z[ 7,y C h;]. Consequently, {h;|i >
0}N@®=0. a
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VII. ConcLusions '

We have outlined the beginnings of a recursion theo-
retic approach to testing using insights from inductive in-
ference. The notions of inductive inference and program
testing were shown to be incomparable. The results in-
volving oracles indicate that program testing is much
harder than inductive inference. The results relating com-
pletely r.e. sets to testable sets suggest that there are ef-
fective (but not necessarily practical) methods to trim a
testable set down to a (perhaps) efficiently testable set.
We believe that the hierarchy of testable subsets of com-
pletely r.e. set represent a tradeoff between the complex-
ity of the testing agent and the size of the set of distin-
guishable functions. We believe that additional
hierarchical results can be obtained.

There is much work to be done in a number of areas.
Along more practical lines, we have preliminary results
that lead to practical (i.e., both effective and time effi-
cient) testing methods for simple classes of functions.
These results are obtained by restricting the complexity
of the testing agent and by weakening the notation for
expressing the set of testable functions [7]. —

AR

We have not discussed the intriguing idea of testing to |

within a confidence level. For this investigation we would

use a notion of probabilistic inference in obtaining notions/

of probabilistic testing akin to those developed for mfer-
ence by Pitt [15] and Valiant [21].

~We emphasize again that the results in this paper are
intended to convey the limitations inherent in testing.
However the connections between testing and inductive
inference can also be exploited to develop practical test
methods for certain restricted classes of functions [7].
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